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Abstract: This study aims to develop a more general form of the one-dimensional hydrodynamic equation by
employing the dual approach through direct integration of the three-dimensional hydrodynamic equations. Unlike
previous formulations that combine two-horizontal and two-vertical components, this method allows for the
derivation of a one-dimensional equation that inherently incorporates the effects of geometric deformation of the river
cross-section. The proposed equation enhances the classical Saint—Venant model by introducing additional terms
whose orders of magnitude are rigorously evaluated relative to the conventional momentum terms. This
methodological innovation offers a more comprehensive representation of real-world flow dynamics in open channels.
The novelty of this research lies in the direct derivation of a one-dimensional hydrodynamic equation from the full
three-dimensional system via the dual approach, bypassing the need for intermediate two-dimensional simplifications
and capturing a broader range of hydrodynamic behavior.
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1. Introduction

The classical averaged equations governing flow and
tracer transport have been extensively presented in the
literature, providing foundational tools for modeling
hydraulic and environmental processes [1-8]. However,
these formulations are typically based on conventional
averaging techniques that may not fully capture complex
flow behaviors in natural and engineered systems. The
dual approach introduces a conceptual framework that
simultaneously considers two complementary aspects of
a given problem, allowing for a more comprehensive
analysis. Notably, dual averaging has been demonstrated
to generalize and extend classical averaging methods,
offering improved theoretical consistency and broader
applicability [9,10]. We applied dual averaging to
develop equations for flow and tracer transport in one
dimension (1D), two- dimensional horizontal (2DH),
two-dimensional vertical (2DV), three dimensions (3D).
This approach resulted in new equations and systems of
equations that are more general than the classical ones
[11-18]. Previously, to obtain the one-dimensional
hydrodynamic equations in [17], we combined the two-
[12] and two-

dimensional vertical equations from hydrodynamic

dimensional horizontal equations

equations [17], both of which were built using the dual
approach GLAYV (global-local average value).
In this paper, we develop a one-dimensional

hydrodynamic equation directly using the dual approach
GLAV [9, 10, 16, 17] from the classical three-
dimensional hydrodynamic equations [1-5, 7, 8].

2. Building a one-dimensional
hydrodynamic equation directly using the
dual approach from the classical three-
dimensional hydrodynamic equations

We have the classical three-dimensional

hydrodynamic equations or Navier-Stokes equations as

follows [1- 4, 7, 8]:

ou  dv  ow _ 3
M+®+h_
ou , O(uu) , 0(uw) , d(uw) _ 1
6t+ ox t ay + 0z _p'Fx
L1 19Ty 10Ty | 10Ty
p dx p oOx p 9y p 0z
ov , d(uwv) , d(ww) , d(vw) 1
- == F —
ot + ox t oy t 0z p Y ( (1)
1 a_p laryx laryy laryz
p'dy pdx pdy p 0z
ow  d(uw)  dlww) B dlww) 1
6t+ ox t ay + 0z _p'FZ
Loy 10ty 100y | 10t
p 9z p ox p 0y p 0z

Where: u, v, w are the components of velocity in the
x, y and z directions; F\, F), F. are the components of the
resultant external force in the x, y and z directions
respectively; p is the pressure component; Tyx, Tyy, Tzz,

Txy, Txzs Tyxs Tyzs Tzx, Tzy are the stresses (including both
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molecular and turbulent effects); o is the density of
water.

Using the dual approach for Equations (1) along the
y-axis (Fig. 1), the cross-sectional direction of the river,

we obtained the 2DV hydrodynamic equation [17] as

follows:
Vie s (b) + oo [.b?] + 8y = [W.5%] = 0
[1 Ul (K]
e (. (09} = g T {5 (7))
[LX] [MX]
B o= L), (b2} = fuy (D). = (b?) +
[NX] [0X]
Sux 3 @), (b)) = 81, (@W). 3= (b)
[PX] [ex]
F (b3) = 2. 22.(b%) +
[RX] [SX]
1 ,. . 1,5 o
;dlv(r)x. (b?) — 5 (Z.7),. (b) )
(TX] [UX]
ez - (. (b))} =ty W {5 (07
[LZ] [MZ]

+B1z 5= (). (b))} — By, (WD) 2= (b) +

[NZ] [0z]
81, 5 {@WW). (b2)} = 8y, (WW). = (b?)
[PZ] [eZ]
E.(b3) —=.22. (b)) +
[RZ] [SZ]
%div(?)z. (b?) — % @.7),. (b) J
[TZ] [uz]

where:
b is the river width b = Y> - Y;; u and w denote the
velocity along the Ox and Oz axis which are averaged
over the river width b; F\, F’ are the components of the
resultant external force in the X, and Z directions
respectively; p is the pressure; p is density of water; T
are the shear stress; 7 is normal vector; Aijis> Bijs Oij» Vi
8;; are correction coefficients; Their values are close to
1 when the values u, w, uu, uw, ww are replaced with
the average values u, w, uu, uw,ww along the OY
coordinate axis.

For simplicity, we set these coefficients to 1 and
ignore the overbars above the quantities u, w, uu, uw,
ww to obtain the following 2DV system of equations as

follows:

ad
2 (%) + = [u.b?] + = [w.b?] = 0
[1] [J1 K]
%{u. b2} —w {% (bZ)} + aix{uu. (b2)} — (uu).:—x(bz)
[Lx] [MX] [NX] [ox]
+ 2 {(uw). (b)) — (uw). = (b?)
[PX] [ex]
= LE0) =12 061+ Ldv@),. (b?) - @ ) (b)
p’ plox’ p X p x
[RX] T [Tx] [Ux] 3)

2 {w. (b2} — w. {2 (b))} + = {(ww). (b)} — (wu). o= (b?)
[LZ] [MZ] [NZ] [oz]
+ 2 {(ww). (b2} — (ww). = (b?)
[PZ] [ez]
SE 0D =2 L 07 + S div(@),. (b)) — 2 (E1),. (B)
[RZ] T [TZ] [uz]

)

We continue to average Equation (3) in the Z
direction using the dual approach GLAV [9, 10, 16, 17]
which means that: Integrating all terms of Equation (3)
in the Z direction twice (Fig.2): first, through local
integration from Z to Z,, and second, through the global

integration from Zj to Z.
y

B

Yo—

b
Ym s c
by
Ty
(0]

X

Figure 1. Sketch of the construction of 2DV using
the dual approach

The symbols in Figure 1 are as follows:
Zp is the elevation of the riverbed; Z, is the elevation
corresponding to any depth /;; Z is the water surface
elevation; /4 is the water depth.

I
2

P~

Zm

F 9

h;

Z
,./b""—'_

Figure 2. Sketch of the construction of 1D using the
dual approach
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Integrate all the terms of the continuity equation of
the system of equations (3) from Z to Z, for the first
time:

Zim Zm
T[I] = —(bz)dz = b%dz
Zp d Zp
Zm da(dz) oh
— b2 5 = = (bF)hy — b2 22 (4a)
Where:

by

IR

2 ~ | 1 [(Zmyo a(dz)
’hl 2z " b%2dz _\/%fzb b2. o (4b)

Ty = " 2 (ub?)dz = = meubzdz—

Zm He oh

[y ub?. ”)——{( 1b1>h} u; b3 (40)
Where:

1 [(%m 1 Zm d(dz)
— 2 ~ 2 - -
ul_hbzf ub“dz = Zahlf ub”. 9%

Zp
TIK] = [;" = (wb?)dz = (Wb, — (Wh?), =

w;bf — wy b} (4d)
We obtain the continuity equation [7CQ] at any
depth 4, as follows:

[TCQI:T[I] + T[] + T[K] = = (b¥)hy — b7.52

= {(ybPhy} — b3 52+ wib? —wybE =0 (Sa)

[TCQL:TII] + T[] + T[K] = 2 (b2 + o (s b2y} —

b?. (aai;+ Us. Zﬁ_ w;) —wpbj =0 (5b)
[TcQ1]

At any point in the vertical two-dimensional flow
domain (X, Z), we have the kinematic boundary
condition [TCQI] =0; at the bottom of the channel, the
vertical velocity wy, = 0, so equation (5b) becomes:

[TCQI: T[] + T+ TIK] = 5 (b} +
[T1]
= {(uybP)hy} = 0 (50)

[7/]
Equation (5c¢) is the classical continuity equation of
the one-dimensional (1D) open flow problem.
Continue integrating, from Z; to Z; , all terms of the
continuity equation (5¢) a second time.
Calculate the integral of the term [77] of Equation
(5¢) from Zyp to Zs a second time:

Z
T?[I1 = T[TI] = fZ r (blz)hldz = fzb bZh,dz —
Zs 3.2 1
f bihy at (dZ)
T2[1] —al ~ 2 (b2, (72 —Zb}—%az.bf.
Where
a1, @, are the correction coefficients, defined

similarly to those in equation (2), and are calculated as
follows:

S (22 -173) (6a)

2 0 (Zs 2

aq _mat be hle

2 Zg 2
== thy—(d
T Za Jzy PP 5 3 @2)
Calculate the integral of the term [ 7] from Equation

(5¢) a second time, from Zy to Zs :
s 0
T?[1 = TI1J] = [, 5-{@ubP)hy}dhy =
0 (Zs s 4
a2 Jz. bDhidz — [*uibihy 5~ (dz)
1 d 1 d

T?[] = S az. - {ub® (Z¢ - Zj} — S ag.ub®. o~ (ZZ -
Zp) (6b)

Where:

a3, a, are the correction coefficients, defined
similarly to those in equation (2), and are calculated as

follows:
2 a (%=
(Z3 = a a_f ulblhle;
ﬁ{ubZ.(zg—zg} *Jzp
— 2 2
Ay = ubz—(ZZ Zb)f 1b1h16t(dz)

Therefore, we have:

[T2CQ): T2[1]+ T2[J] = S ay. = {b?. (22 — Z})} -
Ly b7 2 (22 - Z8) + S g {ub?. (22 — 23} -
g ub® (22 -28) =0 (7a)

Simplifying and adding the term bwg to both sides
of equation (7a), we obtain the continuity equation

established by the dual approach:
oh

[T2CQ]: 2 (Ab) + == (Qb) — b*(o + ust — wy) =
b?wy (7b)
Or:

[T2CQ]: 2 (Ab) + = (Qb) = b?w, (7¢)

Integrating all terms of the equation of motion in
the OX direction in the system of equations (3), for the
first time, we have

T[LX] = [, 2 (ub?)dz = = fZmeubZdz—
ff’“ubz-% —( by —ulb%% (8a)
T[MX] [imus (b)dz = uy 52 (b3) (Zn — Zy) =
U 5 (b1 Yy (8b)
T[NX] = [ (). (b)}dz =
= Z;"Kuu) (b2)}dz — [, uub?. 752
T[NX] = {(u1u1)b1h1} (u1u1)b2 ahl (8¢)
T[0X] = be uua(bz)dz = (ulul).aaixl(Zm —
Zy) = (wyu)). 2t hy (8d)
T[PX] f E, (b®)dz = E,.b?.(Z,, — Zp) =
E..b2.h, (8e)
TIQX] = ;™2 b2dz = b} {3~ ;" pdz
0z 62
(p-32),. * (p-a)zb} (89

To be able to calculate the pressure p in equation (8f),
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we use the equation of motion in the OZ direction from
the system of equations (3):

= . (b2} = W. {5 (b2} + o= (W), (b)) —

[LZ] [MZ] [NZ]
d ad . . 0
(W) == (b?) + = {(WW). (b*)} — (WW). = (b?) =
[07] [PZ] [eZ]
S E.(0%) =252 (07 + ~div(D),. (b?) -
[RZ] Tz]—’ [T2]
1 =2 —
S @), (b)
[UZ]

In the case of 1D open flow, the velocity in the OZ
direction is negligible (w;, = 0), so we ignore the terms

(LZ], [MZ], [NZ], [OZ], [PZ], [QZ], [TZ], [UZ];

therefore, this equation is rewritten as follows:

1 2 1.0p 2y _
[RZ] [SZ]

Consider the fluid flowing in a gravity field, where the
external force F, = —pg; we see that equation (8g) is
the basic differential equation of hydrostatics [19-21]
and we know that the pressure p at any point in the flow
domain is given by following:

P =pg(Zs = Zm) (8h)

Substituting the pressure p from equation (8h) into
equation (8f), we get:

T[QX] = pg. b7 hy = (81)

We continue calculatmg the terms in the equation of
motion along the OX axis of the system of equations (3):

T[RX] = fZme div(®),. (b2)dz = div(),. b2 (Zm

Zp) = div()x. bf. by (8))
T[SX] = fZme(f’. ). (b)dz = (Z.7) 5. (by). (Zp, —
Zp) = ('E- ﬁ)x- (by).hq (8k)
TIT) = [} = {uw). (b2)} dz = {(uw). (b2}, -
{uw). (™)} (8D)

Zm— 0
T[U] = /" @w). = (b*) dz = (uw) (b3 — bF) (8m)
Summing the first integrated terms of the equation of
motion along the OX axis, we obtain:

[TME(0x)]: 5 (us bE)y —

3,0 3 5 b2
U5, (bi )h1+—{(u1u1b1)h1} + (uguq). _h1 -

oh ohy
(ubz)m( 1+u1 a__Wl) Fb1 hy —

aZs - —
ghi hy 2+ dlv(f)x bi. h1 ——(T M)y (b1).hy (92)

a (u1b1)h1 —Wig; (b%)h1
T[LX] T[MX]
ab?
{(u1u1b1 Yhi} +uug.—— o —hy
T[NX] T[0X] T[PX]
gbi. h1 "' d V(7). bf.hy — ‘(? M)y (by).hy  (9b)
T[QX] TIRX] T[SX]
Integrating the terms of the equation of motion in the
system of equations (3) in the direction OX for the

TME[OX]:

=2Fb2.h, -

second time, that is, integrating the terms of equation
(9b), we get:

3 (7
TZ[LX] = fZ ot (ulb )hle = afzzb(ulblz)hldz —_
T2[LX1]
Z a(d
[y b2y 552
T2[LX2]
T2[LX1] = —st(ulb Yhydz =1 =-{(ub?) (22 —
2)}
s a(d — 5\ 0
T2 LX2] = [} (u1b?)hy. D =2p, (ub?) = (22 -
So, we have:

T[] = 3 {(wb7) (22 - 25)} -

>y (ub?) = (22 - z2) (10a)
where:
B = sy
ael (w0?) (@ -75)f
%fzzbs(ulbl)hldz = mj‘zb( 1b )hl a(dZ)

T2[MX] = [ uy 2 (b?)hydz =2m 2 (22 - 73) (10b)

_ 2 Zs abl
V1 ——zi-fzb 1" 5 hidz
t

ﬁ..ai.(zg -z3)

Zs 0

T2[NX] = [, a{(uluab%hl}dz =

8 (Zs

axdz, (uyu bf)h,dz _f (u1u1b1)h1

TZ[NXl] T2[NX2]

T2[NX1] = = fZS(ululbl)hldz =

551 a{(uu).bz. (ZSZ - Zg)}

T2[NX2] = f 7 (uyu by, 2D -

—61(uu) b2 (22 Zf)

TZ[NX] TZ[NXl] —T2[NX2] =

> 8,5 Gaw). b2, (22 — 22)} - 5 6, Gan). b2 o (22 —

Zi) (10¢)

6(dz)

01 = e (22-23)]

o ~
- Zb(ululblz)hldz =

2
mf *(uguy bE)h;.

6(dz)

T2[0X] = f;* wu,. alh dz =16, (). 5 ob? = (22 -
Z%) (10d)
where:
2 Zs ab?
62 = — .f ulul a hle

@32 (z2-23) 7
)  (Zs1 g 1
T [PX] —_ fzb ;Fxbl.hle —563.

where:

F.b2.(Z% - Z2) (10e)
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Zs
_ 2 2

A azg b2 9z,
T2[QX] = fZ b2.% hl,dz = 8,2-.2% (22 - Z}) (106)
where:
2 Zs
So=—2 | gb%hydz

gb2.(23-23) Jg,
T2[RX] = fZZ:%div(?)x.blz.hl.dz =
1 PR . —>
555 b2.div(?),. (22 — Z})
where:
85 = ot [ div(?). b by dz

b2.div(@)y. zs zZ
TZ[SX] = ;(?. ﬁ)x. (b1)-hy = be ;(*. _’)x. (by).hy.dz =

i&ﬁ(i )y (22 — Z2) (10h)
Z

(10g)

2

b (22-72) 2 (T.1)x. (by)- 1y dz

Summing the terms of the equation of motion in the
direction OX in the system of equations (3), after
integrating the second time, we have:

[T2ME (0ox)]: T?[LX] + T?[MX] + T*[NX] +
T?[0X] = T?[PX] + T?[QX] + T?[RX] + T?[SX]

2Bl (w0?) (22 - 2)} = 5 (wb?) 52 (22 -
Z2) - ina T (22— ZB) 5 8y 5o { Gaw). b2 (22 -
Z8)} - l(Sl(uu).b2 2 (z2-23)+

15,2 (22 - 23) = 5505 b2 (22~ 2}) ~
5, 2 gb “S (22 -272) + —55 bZ. div(?)y. (22 -
ZE) - Z56.b. (Z.7)y. (22 —Zg) (11a)

Simplifying equation (11a) with attention to the flow
depth h=Z; — Z,), area A = b.h, discharge Q = u.A, we
obtain the equation of motion along the OX axis after
averaging using the dual approach, as follows:

B (@~ Brus () +6;. 2 (L) -

[ME1] [ME2] [ME3]

? 5 92,

2@ = fo.A —84.9A—
[ME4] 7S] [ME6]

+2 () div@)e 2 (). F 7D

[ME7] [MES]
For simplicity, we set the coefficients 5;,5; = 1 and
transform the terms [ME7] and [MES] with the
following note:

(D) = U Z_Z’ the term [ME7] is the friction term due to

the viscous force of the fluid.
On the other hand, we have: 7=pgRJ ; where R is the
hydraulic radius, J is the energy gradient of the flow.
When: b>>h then: R=h ; therefore, the term [MES]
represents the friction term at the bottom of the channel;

2/3
Q'Sl, ; where: K = A. R

(11b)

the friction gradient: Sy =

is the roughness coefficient of the channel.
We can rewrite equation (11b) as follows:

c@-us W+ (%) - LW =2FA-

[ME1] [MEZ] [ME3] [ME4] MES]
oz,
o p 6x2 (@) —g. A S¢ (11¢)
[ME6] [ME7] [MES]

Thus, the one-dimensional hydrodynamic equations are
obtained by a direct dual approach from the three-
dimensional Navier-Stokes equations, meaning that the
dual averaging of this system is performed first along the
width of the river and then along the vertical direction of
the river, as follows:

5} 5}
2 (Ab) + = (Qb) = b?w,

9y _,2 O (% _ .20 4 _

at(Q) uat(A)+f)x(A) 6x(A)_

[ME1] [ME2] [ME3] [ME4] (12)
1 a7,
SEA—gAT +7 axz @~-g.AS
[MES] [ME6] [ME7] [MEB]

3. Evaluate the order of the terms

The momentum equation of the system of equations
(12) has two new terms [ME2] and /[ME4] compared to
the classical 1D Saint-Venant equation system; we
evaluate the order of these terms in relation to the other
terms of this momentum equation.

The data used to evaluate the level here are flood
discharge measurements taken on November 29, 30, and
31, year 1983, downstream of the Ve River in Mo Duc
district, Quang Ngai province [22].

(i) To compare the order of the terms [ME1] =
%(Q) and [ME2] = u% (A) , we use the rising flood
discharge data: AQ=860m3/s, corresponding to the time
period At=86400 sec, average flow velocity u = 3m/s,
riverbed cross-section change AA=240m2.

We have:
[ME1] = AQ_ 860 _ 0.009
At 86400
[ME2] = 4 =3x 240 _ 0.003
=%ar = ° 786400

Thus, we see that the terms /ME1] and [ME2] are of
the same order.
(i) Comparing the order of the terms [ME3] =
2
aa_x (%)and [ME4] = uz.aa—x (A), we use the data of the

average flood discharge: Q = 700m3/s, Ax=500m,
Au=0.50 m/s, AQ = 50m3/s, AA = 72m?2.

We have: ,
d (Q du aQ Au AQ
.50 50
[ME4] = u? —(A) = y? 2 A4 =3%2.— 72 =130
“Ax 500

Thus, we see that the terms /ME3] and [ME4] are of
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the same order.

By evaluating the order of the new terms /MEZ2] and
[ME4], we see that they have the same order as the terms
in the classical 1D Saint-Venant equation; therefore, the
terms [ME2] and [ME4] need to be retained in the
momentum equation of the system of equations (12).

Comments:

It is evident that the one-dimensional hydrodynamic
equations system (12) is more general than equations
(28) or (29) in [17], thanks to the presence of two
additional terms [ME2] and [ME4].

When cross-section 4 = Const, over time and space,
then [ME2] = 0 and [ME4] = 0.

This means that when the cross-sectional geometry
of the river changes insignificantly over time and space,
we obtain the one-dimensional hydrodynamic equations
system as follows:

d d
2 (4b) + = (Qb) = bw,

3] 4 (Q%\ 1 9Zg
Z@+5(%)= SEA—gAS
[ME1] [ME3] [MES] [ME6]

aZ
+§-@(Q) —g.A.Sf
_—[Mm] [MES]

Then equation (13) becomes the classical one-
dimensional hydrodynamic equation system or Saint-
Venant equation [3, 4, 7, §].

5. Conclusion

In this study, a new one-dimensional hydrodynamic
equation for riverine flow was developed using the dual
approach by directly averaging the three-dimensional
Navier—Stokes equations over the width and depth of the
river cross-section. Unlike previous dual-approach
formulations, which separately combine two-horizontal
and two-vertical flow components, the proposed method
allows for a unified derivation. The resulting equation
includes two additional terms that explicitly account for
temporal and spatial variations in the geometry of the
river cross-section, making it more general than
traditional Saint—Venant-type models.

This extended formulation represents a significant
theoretical contribution, as it bridges the gap between
classical one-dimensional models and the more
comprehensive  three-dimensional ~ hydrodynamic
reality. By incorporating geometric deformation effects
into a one-dimensional framework, the model retains
analytical tractability while improving physical realism.
From a practical perspective, the proposed equation
enhances the capability to simulate river
morphodynamics, including sediment transport, erosion,
and deposition processes, which are critical for river
engineering, environmental assessment, and
infrastructure planning.

However, this study is not without limitations. The
derivation assumes a sufficiently smooth and continuous
variation in channel geometry, and turbulence modeling
is limited by the averaging procedure. Moreover, the
computational implementation and validation of the
proposed equation against field or laboratory data were
beyond the scope of this paper.

Future research should focus on:

e Empirical validation of the model through
comparison with experimental and observed
river flow data;

e Extension of the framework to include non-
hydrostatic pressure effects and more detailed
sediment transport dynamics;

e Development of efficient numerical schemes for
solving the derived equation under real-world
conditions;

e Integration with GIS-based river morphology
datasets for practical applications in flood
forecasting and river training.

By advancing the mathematical foundation of river
hydraulics through the dual approach, this work
provides a robust basis for future developments in
hydrodynamic modeling and water resources
engineering.

References

[1]J. L. Martin and S. C. McCutcheon, Hydrodynamics
and Transport for Water Quality Modeling, CRC Press,
Boca Raton, 2018.
https://doi.org/10.1201/9780203751510

[2] F. White, Fluid Mechanics, 8th ed., McGraw-Hill,
New York, 2015.

[3] R. H. French, Open Channel Hydraulics, Water
Resources Publications, Highlands Ranch, CO, 2007.
[4] T. H. Nguyen, River Training, Construction
Publishing House, Hanoi, 2024.

[5] O. Reynolds, "On the dynamical theory of
incompressible viscous fluids and the determination of
the criterion," Philosophical Transactions of the Royal
Society A, vol. 186, pp. 123-164, 1895.
https://doi.org/10.1098/rsta.1895.0004

[6] T. H. Nguyen, "Salinity intrusion in Huong River
network and the measure of hydraulic construction,”
Journal of Science & Technology, pp. 17-21, 1992.

[7]1 W. Wu, Computational River Dynamics, CRC Press,
London, 2007. https://doi.org/10.4324/9780203938485
[8]1 Y. Watanabe, Dynamics of Water Surface Flows and
Waves, CRC Press, Boca  Raton, 2022.
https://doi.org/10.1201/9781003140160

[9] D. A. Nguyen, "Dual approach to averaged values of
functions," Vietnam Journal of Mechanics, vol. 34, no.
3, 2012. https://doi.org/10.15625/0866-7136/34/3/2361
[10] D. A. Nguyen, "Dual approach to averaged values
of functions: Advanced formulas," Vietnam Journal of
Mechanics, vol. 34, no. 4, 2012.
https://doi.org/10.15625/0866-7136/34/4/2573

Page | 7



Journal of Hunan University (Natural Sciences)

Vol. 52 No. 6, June 2025

[11] T. H. Nguyen, "A dual approach to modeling solute
transport,” in Advances in Computational Mechanics, H.
Nguyen-Xuan, P. Phung-Van, and T. Rabczuk, Eds.,
Springer, Singapore, 2018,  pp. 821-833.
https://doi.org/10.1007/978-981-10-7149-2 58

[12] T. T. Ton, T. H. Nguyen, and D. A. Nguyen, "A
dual approach for model construction of two-
dimensional horizontal flow," in APAC 2019, N. T. Viet,
D. Xiping, and T. T. Tung, Eds., Springer, Singapore,
2020, pp. 115-119. https://doi.org/10.1007/978-981-15-
0291-0_17

[13] T. H. Nguyen, "A dual approach for modeling two-
and one-dimensional solute transport," /ICOMMA 2020
— Lecture Notes in Mechanical Engineering, 2020, pp.
978-981.

[14] T. H. Nguyen, "Averaging equation of three-
dimensional tracer transport by a dual approach," /OP
Conference Series: Materials Science and Engineering,
vol. 1289,  no. 1, 2023, p. 012018.
https://doi.org/10.1088/1757-899X/1289/1/012018

[15] T. H. Nguyen, "Statistical representation of wave
by a dual approach," Proceedings of the National
Conference on Fluid Mechanics, vol. 26, pp. 313-319,
2023.

[16] T. H. Nguyen and D. A. Nguyen, "Averaging
Navier—Stokes equations by a dual approach,”
International Journal of Computational Methods, vol.
21, no. 10, 2013, p- 2341006.
https://doi.org/10.1142/S0219876223410062

[17] T. H. Nguyen, "A mathematical model of two-
dimensional vertical flow based on the dual approach,”
in Proceedings of the 4th International Conference on
Sustainability in Civil Engineering, T. Nguyen-Xuan, T.
Nguyen-Viet, T. Bui-Tien, T. Nguyen-Quang, and G.
De Roeck, Eds., Springer Nature, 2024, pp. 271-286.
https://doi.org/10.1007/978-981-99-2345-8 27

[18] T. H. Nguyen, N. H. P. Luong, T. M. L. Nguyen,
and T. P. Nguyen, "Calculation of hydrodynamic
characteristics by a dual approach," in [lth
International New York Conference on Evolving Trends
in Interdisciplinary Research & Practices, New York,
2025, pp. 579-585.

[19] J. F. Douglas (Ed.), Fluid Mechanics (5th ed.,
reprint), Pearson/Prentice Hall, 2007.

[20] P. K. Kundu and I. M. Cohen, Fluid Mechanics,
Academic Press, 2002.

[21] T. H. Nguyen, Hydraulics. Tome 1, Construction
Publishing House, Hanoi, 2006.

[22] T. L. Hoang, Report on the Results of the Scientific
Project:  Synthesis and Supplementation of the
Meteorological and Hydrological Database of Quang
Ngai Province to the Year 2010, Central Central Region
Hydrometeorological Station, Danang, 2010.

S5 3K

[1] Martin J. L., McCutcheon S. C. JK/ZE AT K777

FEHZEZE ERAW  CRCHEAR#E, 2018,
https://doi.org/10.1201/9780203751510.

[2] White F. ji/A75 (GHESRD . A12): McGraw-
Hill e tt, 2015.

[3] French R. H. #7284 77 FHP R £ /KB IRH R
3], 2007,

[4] Nguyen T. H. 77/ 277 N« B ik, 2024,
[5] Reynolds O. N[ EAG AR B) /7 B0 J H
FIFE I E . HE DS F2 L7 T AZR, 1895, 186:
123-164. https://doi.org/10.1098/rsta.1895.0004.

[6] Nguyen T. H. VLK RBUH AR M AKF] TARER .
FHEERIFY, 1992: 17-21.

[71 Wu W. /is) 7t 5. E: CRCHRAL,
2007. https://doi.org/10.4324/9780203938485.

[8] Watanabe Y. K /#7405 5 /R ) 77 % T+ RL:
CRCH Rt 2022.
https://doi.org/10.1201/9781003140160.

[9] Nguyen Dong Anh. PECEEIEA W E 1L, B
) HI Y, 2012, 34(3). https://doi.org/10.15625/0866-
7136/34/3/2361.

[10] Nguyen Dong Anh. BECEEETRE T &
N B ) 7T, 2012, 34(4).
https://doi.org/10.15625/0866-7136/34/4/2573.

[11] Nguyen T. H. {&EFiimic @ EMXUE L. W
Nguyen-Xuan H., Phung-Van P., Rabczuk T. 4. 774
T EH R [H i ik i EE. FTNY : Springer HilCAL,
2018: 821-833. https://doi.org/10.1007/978-981-10-
7149-2 58.

[12] Ton T. T., Nguyen T. H., Nguyen D. A. —4E/KF
AN X E 7%, W Nguyen Trung Viet %
. WAL (APAC) 12 X%, F/inY « Springer(t]
fifikL, 2020: 115-119. https:/doi.org/10.1007/978-981-
15-0291-0_17.

[13] Nguyen T. H. 4k 5 —4E1% FiHiis g i XU
Tk B F G E 2 (ICOMMA2020)
1t X 2E, TAAEW T, 2020.

[14] Nguyen T. H. J&T M E 5 LK) = 4R B E
SEYITIRE. IOPHFIEF 5 TS K it KEE, 2023,
1289(1): 012018. https://doi.org/10.1088/1757-
899X/1289/1/012018.

[15] Nguyen T. H. Iz 41t FoR L HXUE T E. 2
[EIEE T 72t X, AT, 2023, 26: 313
319.

[16] Nguyen T. H., Nguyen D. A. 5T MEHIEH
Navier—Stokes 7 #2251 b. 71 52 7772 477, 2013,
21(10): 2341006.
https://doi.org/10.1142/S0219876223410062.

[17] Nguyen T. H. J&FRE 5 1EA) 4 1 BB EL
AR L Nguyen-Xuan T. 54w, VY E 1K 17

Page | 8


https://doi.org/10.1007/978-981-99-2345-8_27

Journal of Hunan University (Natural Sciences)

Vol. 52 No. 6, June 2025

A FFEEVE RIS S5 X 1t XZE. FTINY « Springer HH UL,
2024: 271-286. https://doi.org/10.1007/978-981-99-
2345-8 27.

[18] Nguyen T. H., Luong N. H. P., Nguyen T. M. L.,
Nguyen T. P. J& T WE T IERIKS) TR TH R, -
— AL s F R T S e K, ALY,
2025: 579-585.

[19] Douglas J. F. 4. k77 (BE5hR, EFIA) .
&3 Pearson/Prentice Hall H ki1, 2007.

[20] Kundu P. K., Cohen 1. M. JZ/A 75, Bl i r 4 P
. Elsevier==A H ittt 2002.

[21] Nguyen T. H. A% (FF—4) N @ ZEEH
Jiftt, 2006.

[22] Hoang T. L. |~ XSS K SCEHE E 22201044
RREGET TR . PEAGKCA, WHE, 2010.

Word count (excluding references): 3,909 words.

Peer-review record:
o Fast-track status: Not fast-tracked
o First-round reviews received: 3 reports
e Revision cycles completed: 3 rounds
e  Final version submitted: July 3, 2025

Disclaimer/Publisher’s Note:

The views, opinions and data expressed in this article are
solely those of the authors and do not necessarily reflect
those of the Journal of Hunan University (Natural
Sciences) or its editors. The journal and its editorial staff
accept no responsibility for any injury to persons or
damage to property resulting from the ideas, methods,
instructions or products discussed herein.

Page | 9


https://doi.org/10.1007/978-981-99-2345-8_27
https://doi.org/10.1007/978-981-99-2345-8_27

