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Abstract: Numerical simulation of coupled surface and subsurface flows is crucial for modeling equations 

for flood waves, runoff processes, and tsunami wave propagation with topographical functions in different fields of 

science and engineering. The shallow water 2D equation was used to model the coupled dynamics of surface and 

subsurface flows. These equations form a system of coupled nonlinear partial differential equations. The 

development of an easy-to-use and robust numerical method to accurately determine fluid motion in this coupled 

flow scenario, including topographic considerations, is of utmost importance. The numerical simulation results of 

these equations are obtained explicitly using two numerical methods: the forward time-centered scheme and the 

Lax-Wendroff method. This study compares the numerical simulation results of the connected region at different 

time steps. The stability is checked through error analysis. Both methods give identical numerical results, although 

the Lax-Wendroff method shows a slightly better performance. All these numerical results are obtained using CFL 

stability criteria.   

Keywords: extended shallow water equation, forward time central scheme, the Lax-Wendroff method. 

扩展浅水方程中耦合地表和地下水流的有限差分法比较分析 

摘要：地表和地下流耦合的数值模拟对于在不同科学和工程领域中利用地形函数建模洪

水波、径流过程和海啸波传播方程至关重要。浅水二维方程用于模拟地表和地下流动的耦合

动力学。这些方程形成耦合非线性偏微分方程组。开发一种易于使用且稳健的数值方法来准

确确定这种耦合流动场景中的流体运动（包括地形考虑）至关重要。这些方程的数值模拟结

果是使用两种数值方法明确获得的：前向时间中心格式和拉克斯-

温德罗夫方法。本研究比较了不同时间步长的连通区域的数值模拟结果。通过误差分析来检

验稳定性。两种方法给出相同的数值结果，尽管拉克斯-

温德罗夫方法表现出稍好的性能。所有这些数值结果都是使用节能灯稳定性标准获得的。 

关键词：扩展浅水方程、正向时间中心方案、拉克斯-温德罗夫方法。 
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1. Introduction 

The interaction between surface water flow and 

ground water flow is natural in water bodies such as 

rivers, lakes, wetlands, coasts, and oceans. 

Understanding this interaction is essential for managing 

water resources, predicting floods, and ecological 

health. For the surface flow that causes runoff or flood 

flow, problems emerge, when the water enters the city 

or village; these problems are in the shape of life lost 

and other losses [1]. In the mid-19th century, Henry 

Darcy laid the groundwork for the flow of water 

through porous media, which is a fundamental idea for 

understanding groundwater dynamics. The study of 

these two coupled region flows has grown into the 

dynamics field with diverse research themes and 

applications [2–5]. Coupled flow modeling involves 

the integration of surface flow models with ground 

water flow models, hydrodynamic models, and 

numerical flow models. This integration allows the 

simulation of water movement across the interface 

between surface and subsurface flows [6–9]. Coupled 

flow simulations have found a wide range of 

applications in different hydrological studies and water 

resource management. Some notable applications 

include flood wave emergencies, dam breaks, tsunami 

wave propagation [10-11], and irrigation [12]. The 

shallow water equations are used for surface flow 

modeling, whereas for subsurface flow, Richard’s 

equation [13] is used. The shallow water equations also 

use the porosity parameter of the surface flow that also 

works as a coupling parameter [14]. Different 

numerical models are adopted to simulate the coupled 

behavior of the surface and subsurface water flows. 

These equations are a set of partial differential 

equations that describe the flow of water in both 

domains incorporating various parameters. Other 

models are also used to describe different types of 

equations for stable solutions with porosity [15-17]. 

Numerical simulations of coupled surface and 

subsurface flows have attracted attention in recent 

years either for surface flows or both regions. Flouri et 

al. [18] discussed the method of splitting tsunami and 

Godunov-type finite difference method, and Lu et al. 

[19] developed a convergence with improved Lax-

Friedrichs method for surface flows. Saiduzzaman and 

Ray [20] discuss different types of finite difference 

methods for comparison of 1D and 2D shallow water 

equations. Using a simple weighted essentially non-

oscillatory (SWENO) scheme, Lu et al. [21] proposed a 

Lax-Wendroff-class procedure with a high-order finite 

volume. To obtain better numerical simulation results 

for 1D and 2D surface flows, Yuan et al. [22] 

developed a finite volume method with complex 

topography for surface flows. The numerical fluxes 

were calculated using the HLL Riemann solver. 

Zoppou and Roberts [23] used a finite volume Riemann 

solver with the van Leer limiter. Studies [24-25] used a 

finite difference forward time central scheme for the 

simulation of overland flow. Kirstetter et al. [26] 

discuss the Darcy-Weisbach equation, Poiseuille 

friction, and Manning formula to obtain numerical 

simulation results, which are compared with 

experimental work. Garcia and Kahawita [27] 

developed the Mac-Cormack time-splitting scheme for 

the simulation of a hydraulic model to obtain numerical 

results for St. Venant’s equations. In the present study, 

a 2D shallow water equation with the porosity and 

friction resistance parameters is discussed. Different 

values of the porosity parameter are analyzed for 

coupled surface and subsurface regions. Validation 

results are compared with residual error in different 

time durations.  

 

2. Mathematical Model 
A mathematical model is a key point for 

computational methods. Mathematical model choice 

depends on the specific field of the study and the 

characteristics of the system under investigation. Flows 

in shallow water in 2D are modeled using equations 

from the shallow water equations, and the Navier-

Stokes type equations are used for flows in porous 

media. Here, by depth integration, the 3D Navier-

Stokes type equations can be transformed into forms 

similar to those of the shallow water equations [14]. 
𝜕ℎ

𝜕𝑡
+

𝜕

𝜕𝑥
(
ℎ𝑢

𝜌𝑒
) +

𝜕

𝜕𝑦
(
ℎ𝑣

𝜌𝑒
) = 0                                   (1) 

1

𝜌𝑒

𝜕

𝜕𝑡
(ℎ𝑢) +

1

𝜌𝑒
2

𝜕

𝜕𝑥
(ℎ𝑢2 +

𝑔ℎ2

2
) +

1

𝜌𝑒
2

𝜕

𝜕𝑦
(ℎ𝑢𝑣) =

𝑔ℎ(𝑆0𝑥 − 𝑆𝑓𝑥) − 𝐹𝐷𝑥                                                (2) 
1

𝜌𝑒

𝜕

𝜕𝑡
(ℎ𝑣) +

1

𝜌𝑒
2

𝜕

𝜕𝑥
(ℎ𝑢𝑣) +

1

𝜌𝑒
2

𝜕

𝜕𝑦
(ℎ𝑣2 +

𝑔ℎ2

2
) =

𝑔ℎ(𝑆0𝑦 − 𝑆𝑓𝑦) − 𝐹𝐷𝑦                                                (3) 

where ℎ is the height of the water surface, 𝑢 and 𝑣 are 

the depth-averaged velocity components in the 𝑥 and 𝑦 

directions, 𝑔 is the acceleration due to gravity, 𝑆0𝑥, 𝑆𝑓𝑥 

are the surface gradient and frictional resistance in the 

𝑥 direction, and 𝑆0𝑦 and 𝑆𝑓𝑦 are the surface gradient 

and frictional resistance in the 𝑦 direction, 𝐹𝐷𝑥 and 

𝐹𝐷𝑦 are the external force of the body in the 𝑥 and 𝑦 

directions, 𝜌𝑒 is the porosity parameter, and 𝑡 is the 

time step. Let ℎ(𝑥, 𝑦, 𝑡) = 𝑧(𝑥, 𝑦, 𝑡) + 𝑏(𝑥, 𝑦) be the 

total height from the free surface to the impenetrable 

bottom. 

 
Fig. 1 Numerical domain for the coupled surface and subsurface 

regions (The authors) 
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Here are the equations representing either surface 

flows or subsurface flows, which are obtained by 
𝜕ℎ

𝜕𝑡
+

𝜕

𝜕𝑥
(
ℎ𝑢

𝜌𝑒
) +

𝜕

𝜕𝑦
(
ℎ𝑣

𝜌𝑒
) = 0                                   (4) 

𝜕

𝜕𝑡
(ℎ𝑢) +

1

𝜌𝑒

𝜕

𝜕𝑥
(ℎ𝑢2 +

𝑔ℎ2

2
) +

1

𝜌𝑒

𝜕

𝜕𝑦
(ℎ𝑢𝑣) =

𝜌𝑒𝑔ℎ(𝛽𝑆0𝑥 − 𝑆𝑓𝑥) − 𝜌𝑒𝐹𝐷𝑥                                      (5) 
𝜕

𝜕𝑡
(ℎ𝑣) +

1

𝜌𝑒

𝜕

𝜕𝑥
(ℎ𝑢𝑣) +

1

𝜌𝑒

𝜕

𝜕𝑦
(ℎ𝑣2 +

𝑔ℎ2

2
) =

𝜌𝑒𝑔ℎ(𝛽𝑆0𝑦 − 𝑆𝑓𝑦) − 𝜌𝑒𝐹𝐷𝑦                                   (6) 

where  

𝛽 = {
1, 𝜌𝑒 = 0,1 for surface flows

0, 0 < 𝜌𝑒 < 1 for subsurface flows
  

The bottom slope in 𝑥 and 𝑦 directions 𝑆0𝑥 and 𝑆𝑜𝑦 

is given by [28]. 

𝑆0𝑥 = −
𝜕𝑏

𝜕𝑥
= −𝑏𝑥, and   S0y = −

𝜕𝑏

𝜕𝑥
= −𝑏𝑦       (7) 

where 𝑏 is the bottom elevation, and the friction 

resistance terms 𝑆𝑓𝑥 and 𝑆𝑓𝑦 can be defined by 

Manning’s resistance law. 

𝑆𝑓𝑥 =
𝑘2𝑢√𝑢2 + 𝑣2

ℎ
4
3

, 𝑆𝑓𝑦 =
𝑘2𝑣√𝑢2 + 𝑣2

ℎ
4
3

,                    (8) 

where 𝑘 is the Manning roughness coefficient, and the 

source term 𝑆̅(𝑈̅) is expressed as 
𝜕𝑈̅

𝜕𝑡
+
𝜕𝐹̅(𝑈̅)

𝜕𝑥
+
𝜕𝐺̅(𝑈̅)

𝜕𝑦
= 𝑆̅(𝑈̅),                                  (9) 

𝑈̅𝑡 + 𝐹̅𝑥(𝑈̅) + 𝐺̅𝑥(𝑈̅) = 𝑆̅(𝑈̅),                   (10) 

where 𝑈̅ = [ℎ, ℎ𝑢, ℎ𝑣]𝑇, 𝐹̅(𝑈̅), 𝐺̅(𝑈̅) are the fluxes, and 

𝑆̅(𝑈̅) is the source term defined as  

𝑈̅ = (
ℎ
ℎ𝑢
ℎ𝑣
) , 𝐹̅(𝑈̅) =

(

 
 

ℎ𝑢

𝜌𝑒

1

𝜌𝑒
(ℎ𝑢2 +

𝑔ℎ2

2
)

ℎ𝑢𝑣

𝜌𝑒 )

 
 
 ,       (11) 

𝐺̅(𝑈̅) =

(

 
 
 
 

ℎ𝑣

𝜌𝑒
ℎ𝑢𝑣

𝜌𝑒
1

𝜌𝑒
(ℎ𝑣2 +

𝑔ℎ2

2
)
)

 
 
 
 

,  

𝑆̅(𝑈) =  

(

  
 

0

𝜌𝑒𝑔ℎ (−𝛽𝑏𝑥 −
𝑘2𝑢√𝑢2+𝑣2

ℎ
4
3

) − 𝜌𝑒𝐹𝐷𝑥

𝜌𝑒𝑔ℎ (−𝛽𝑏𝑦 −
𝑘2𝑣√𝑢2+𝑣2

ℎ
4
3

) − 𝜌𝑒𝐹𝐷𝑦
)

  
 

    (12) 

𝐺̅(𝑈̅) =

(

 
 
 
 

ℎ𝑣

𝜌𝑒
ℎ𝑢𝑣

𝜌𝑒
1

𝜌𝑒
(ℎ𝑣2 +

𝑔ℎ2

2
)
)

 
 
 
 

, 

𝑆̅(𝑈) =  

(

  
 

0

𝜌𝑒𝑔 (−ℎ𝛽𝑏𝑥 −
𝑘2𝑢√𝑢2 + 𝑣2

ℎ
1
3

) − 𝜌𝑒𝐹𝐷𝑥

𝜌𝑒𝑔 (−𝛽ℎ𝑏𝑦 −
𝑘2𝑣√𝑢2 + 𝑣2

ℎ
1
3

) − 𝜌𝑒𝐹𝐷𝑦
)

  
 

   (13) 

𝐺̅(𝑈̅) =

(

 
 

ℎ𝑣

𝜌𝑒
ℎ𝑢𝑣

𝜌𝑒

1

𝜌𝑒
(ℎ𝑣2 +

𝑔ℎ2

2
))

 
 
,  𝑆̅(𝑈̅) =

 

(

 
 

0

𝜌𝑒𝑔 (−ℎ𝛽𝑏𝑥 −
𝑘2𝑢√𝑢2 + 𝑣2

ℎ
1
3

) − 𝜌𝑒𝐹𝐷𝑥

𝜌𝑒𝑔 (−𝛽ℎ𝑏𝑦 −
𝑘2𝑣√𝑢2 + 𝑣2

ℎ
1
3

) − 𝜌𝑒𝐹𝐷𝑦
)

 
 

                         

The Jacobian matrix of 𝐴̅(𝑈̅) of 𝐹̅(𝑈̅) and 𝐵̅(𝑈̅) of 

𝐺̅(𝑈̅) are discussed in [23, 29-33]: 

𝐴̅(𝑈̅) =

(

 
 
 
 

0
1

𝜌𝑒
0

1

𝜌𝑒
(−
𝑈2

𝐻
+ 𝑔𝐻)

2𝑈

𝜌𝑒𝐻
0

−
𝑈𝑉

𝜌𝑒𝐻

𝑉

𝜌𝑒𝐻

𝑈

𝜌𝑒𝐻)

 
 
 
 

 

𝐵̅(𝑈̅) =

(

 
 

0 0
1

𝜌𝑒

−
𝑈𝑉

𝜌𝑒𝐻

𝑉

𝜌𝑒𝐻

𝑈

𝜌𝑒𝐻

1

𝜌𝑒
(−

𝑉2

𝐻
+ 𝑔𝐻) 0

2𝑉

𝜌𝑒𝐻)

 
 

      (14) 

with the eigenvalues corresponding to matrix 𝐴̅(𝑈̅) and 

𝐵̅(𝑈̅): 

𝜆1 =
1

𝜌𝑒
(
𝑈

𝐻
+ √

𝑔𝐻

2
) , 𝜆2 =

𝑈

𝜌𝑒𝐻
, 𝜆3 =

1

𝜌𝑒
(
𝑈

𝐻
− √

𝑔𝐻

2
)    

𝜎1 =
1

𝜌𝑒
(
𝑉

𝐻
+ √

𝑔𝐻

2
) , 𝜎2 =

𝑉

𝜌𝑒𝐻
, 𝜎3 =

1

𝜌𝑒
(
𝑉

𝐻
− √

𝑔𝐻

2
)   (15) 

where 𝜆1, 𝜆2, and 𝜆3 are the eigenvalues corresponding 

to 𝐴̅(𝑈̅), and 𝜎1, 𝜎2, and 𝜎3 are eigenvalues 

crossponding to 𝐵̅(𝑈̅). Implementation on the 

MATLAB software considers the following throughout 

this study:  

𝐻 = ℎ, ℎ𝑢 = 𝑈, ℎ𝑣 = 𝑉                    (16) 

 

2.1. Initial and Boundary Conditions 

𝑢(𝑥, 𝑦, 0) = 0, 𝑣(𝑥, 𝑦, 0) = 0, ℎ(𝑥, 𝑦, 0) = 1 +
𝑏(𝑥, 𝑦),                                                                      (17) 

where       

𝑏(𝑥, 𝑦) = 20𝑒−0.01[(𝑥 − 100)
2+ (𝑦 − 15)2]                   (18) 

𝑢(0, 𝑦, 𝑡) = 𝑢0, 𝑢(300, 𝑦, 𝑡) = 𝑢1, 𝑣(𝑥, 0, 𝑡) =
𝑣0, 𝑣(𝑥, 50, 𝑡) = 𝑣1                                             (19) 

where 𝑢0, 𝑢1, 𝑣0, and 𝑣1 are the left, right, bottom, and 

top boundary values, respectively. For boundary 

conditions, the total length 𝐿 along 𝑥 − axis is 300 m, 

the width 𝑊 along 𝑦 − axis is 50, and the height is 

20 m. 
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3. Numerical Method  
The governing equation for the coupled surface and 

subsurface flow model encompasses three unknown 

variables, a free surface water level, and two variables 

originating from the momentum equation. This study 

employed the cell-centered finite volume method with 

a rectangular domain to obtain the numerical 

simulation results for extended shallow water equation 

(10). This equation is solved using two different finite 

difference methods.   

 
Fig. 2 Numerical domain for surface and subsurface flows (The 

authors) 

 

3.1. Forward Time Central Scheme (FTCS) 

The computational domain is divided into a grid of 

nodes, with the grid point (𝑖, 𝑗) representing the spatial 

coordinates (𝑥, 𝑦) and the spacing between the grid 

points (Δ𝑥,Δ𝑦) based on the desired resolution. For the 

solution of equation (10) employing the explicit 

forward time central scheme, the domain discretizes 

into a grid and approximates the derivatives using finite 

differences. Let us assume a rectangular grid with Δ𝑥 

and Δ𝑦 spacing in 𝑥 and 𝑦 directions, respectively. 

Using the forward time scheme, equation (10) is 

written as 

𝑈̅𝑖,𝑗,𝑛+1
 = 𝑈̅𝑖,𝑗,𝑛

 +
Δ𝑡

2Δ𝑥 
(𝐹̅𝑖+1,𝑗,𝑛 − 𝐹̅𝑖−1,𝑗,𝑛) +

Δ𝑡

2Δ𝑦 
(𝐺̅𝑖,𝑗 + 1,𝑛 − 𝐺̅𝑖,𝑗 − 1,𝑛) + Δ𝑡𝑆𝑖̅,𝑗,𝑛                   (20) 

𝑈̅𝑖,𝑗,𝑛+1
 = (

𝐻𝑖,𝑗,𝑛+1
𝑈𝑖,𝑗,𝑛+1
𝑉𝑖,𝑗,𝑛+1

) , 𝑈̅𝑖,𝑗,𝑛
 = (

𝐻𝑖,𝑗,𝑛
𝑈𝑖,𝑗,𝑛
𝑉𝑖,𝑗,𝑛

)              (21) 

𝐹̅𝑖+1,𝑗,𝑛(𝑈̅) =

(

 
 
 
 
 
 

(
𝑈
𝐻)𝑖+1,𝑗,𝑛

𝜌𝑒

1

𝜌𝑒
((
𝑈2

𝐻
)
𝑖+1,𝑗,𝑛

+
𝑔

2
(𝐻2)𝑖+1,𝑗,𝑛)

1

𝜌𝑒
(
𝑈𝑉

𝐻
)
(𝑖+1,𝑗,𝑛) )

 
 
 
 
 
 

, 

𝐹̅𝑖−1,𝑗,𝑛(𝑈) =

(

 
 
 

(
𝑈

𝐻
)
𝑖−1,𝑗,𝑛

𝜌𝑒

1

𝜌𝑒
((
𝑈2

𝐻
)
𝑖−1,𝑗,𝑛

+
𝑔

2
(𝐻2)𝑖−1,𝑗,𝑛)

1

𝜌𝑒
(
𝑈𝑉

𝐻
)
(𝑖−1,𝑗,𝑛) )

 
 
 

      (22) 

𝐺̅𝑖,𝑗+1,𝑛(𝑈̅) =

(

 
 
 
 
 
 

(
𝑉
𝐻
)
𝑖,𝑗+1,𝑛

𝜌𝑒
1

𝜌𝑒
(
𝑈𝑉

𝐻
)
(𝑖,𝑗+1,𝑛)

1

𝜌𝑒
((
𝑉2

𝐻
)
𝑖,𝑗+1,𝑛

+
𝑔

2
(𝐻2)𝑖,𝑗+1,𝑛)

)

 
 
 
 
 
 

, 

𝐺̅𝑖,𝑗−1,𝑛(𝑈) =

(

 
 
 

(
𝑉

𝐻
)
𝑖,𝑗−1,𝑛

𝜌𝑒
1

𝜌𝑒
(
𝑈𝑉

𝐻
)
(𝑖,𝑗−1,𝑛)

1

𝜌𝑒
((
𝑉2

𝐻
)
𝑖,𝑗−1,𝑛

+
𝑔

2
(𝐻2)𝑖,𝑗−1,𝑛))

 
 
 

      (23) 

𝑆𝑖̅,𝑗,𝑛(𝑈̅) =

(

 
 
 
 
 
 
 

0

𝜌𝑒𝑔

(

 −𝐻𝑖,𝑗,𝑛𝛽 (
𝑏𝑖+1,𝑗−𝑏𝑖−1,𝑗

2Δ𝑥 
) −

𝑘2(
𝑈

𝐻
)
𝑖,𝑗,𝑛

√(
𝑈

𝐻
)
𝑖,𝑗,𝑛

2
+(

𝑉

𝐻
)
𝑖,𝑗,𝑛

2

𝐻
𝑖,𝑗,𝑛
1/3

)

 − 𝜌𝑒𝐹𝐷𝑥

𝜌𝑒𝑔

(

 −𝛽 (
𝑏𝑖,𝑗+1−𝑏𝑖,𝑗−1

2Δ𝑦 
)𝐻𝑖,𝑗,𝑛 −

𝑘2(
𝑉

𝐻
)
𝑖,𝑗,𝑛

√(
𝑈

𝐻
)
𝑖,𝑗,𝑛

2
+(

𝑉

𝐻
)
𝑖,𝑗,𝑛

2

𝐻𝑖,𝑗,𝑛
1/3

)

 − 𝜌𝑒𝐹𝐷𝑦

)

 
 
 
 
 
 
 

    (24) 

where (𝑖, 𝑗) represents the grid indices in the 𝑥 and 𝑦 

directions, 𝑛 ∈ ℤ+ is the time step index, and 

𝐹̅(𝑈̅) and 𝐺̅(𝑈̅) are the horizontal and vertical fluxes 

in the 𝑥 and 𝑦 directions, which depend on the current 

values of 𝐻, 𝑈, and 𝑉. The finite difference central 

scheme is applied to compute the fluxes at the current 

time step (𝑛) and the next time step (𝑛 + 1). The 2D 

extended shallow water equations are solved using an 

advance central system [34]. 

Δ𝑡 < 𝑐.
min(𝛥𝑥,𝛥𝑦)

2max(
1

𝜌𝑒
(
𝑈

𝐻
±√

𝑔𝐻

2
),
1

𝜌𝑒
(
𝑉

𝐻
±√

𝑔𝐻

2
))

                   (25) 

where 𝑐 is the CFL condition 0 < 𝑐 < 1. 

 

3.2. The Finite Difference Lax-Wendroff Method 

Consider the uniform rectangular mesh grid at the 

points (𝑥𝑖 , 𝑦𝑗) with the constant grid step Δ𝑥 = 𝑥𝑖+1 −

𝑥𝑖, Δ𝑦 = 𝑦𝑖+1 − 𝑦𝑖  and the dual meshes at the center 

points given as (𝑥
𝑖+
1

2

, 𝑦
𝑖+
1

2

) = (
Δ𝑥

2
+ 𝑥𝑖,

Δ

2
+ 𝑦𝑖), 

discretization of equation (10) uses the Lax-Wendroff 

method. The first half step of the method is as follows 

[35]:  

𝑈̅
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

  =
1

4
(𝑈̅𝑖,𝑗,𝑛

 + 𝑈̅𝑖+1,𝑗,𝑛
 + 𝑈̅𝑖,𝑗+1,𝑛

 +

𝑈̅𝑖+1,𝑗+1,𝑛
 ) +

Δ𝑡

2Δ𝑥 
(𝐹̅𝑖+1,𝑗+1,𝑛 − 𝐹̅𝑖,𝑗+1,𝑛) +

Δ𝑡

2Δ𝑦 
(𝐺̅𝑖+1,𝑗+1,𝑛 − 𝐺̅𝑖+1,𝑗,𝑛) + Δ𝑡𝑆̅  𝑖,𝑗,𝑛                        (26) 

where  

𝑈̅
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

 =

(

 
 

𝐻
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

𝑈
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

𝑉
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2)

 
 

                    (27) 

The second step of the method is defined below, 
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which completes the time step by using the values 

computed from the first half step.   

𝑈̅𝑖,𝑗,𝑛+1
 = 𝑈̅𝑖,𝑗,𝑛

 −
Δ𝑡

2Δ𝑥 
(𝐹̅
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

 −

𝐹̅
𝑖−
1

2
,𝑗+

1

2
,𝑛+

1

2

 ) −
Δ𝑡

2Δ𝑦 
(𝐺̅
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

 − 𝐺̅
𝑖−
1

2
,𝑗−

1

2
,𝑛+

1

2

 ) +

Δ𝑡𝑆̅𝑛𝑖,𝑗                                                                      (28) 

𝐹̅
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

(𝑈̅) =

(

 
 
 
 

(
𝑈

𝐻
)
𝑖+
1
2
,𝑗+
1
2
,𝑛+

1
2

𝜌𝑒

1

𝜌𝑒
((
𝑈2

𝐻
)
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

+
𝑔

2
(𝐻2)

𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

)

1

𝜌𝑒
(
𝑈𝑉

𝐻
)
(𝑖+

1

2
,𝑗+

1

2
,𝑛+

1

2
) )

 
 
 
 

,   

𝐹̅
𝑖−
1

2
,𝑗+

1

2
,𝑛+

1

2

(𝑈̅) =

(

 
 
 
 

(
𝑈

𝐻
)
𝑖−
1
2
,𝑗+
1
2
,𝑛+

1
2

𝜌𝑒

1

𝜌𝑒
((
𝑈2

𝐻
)
𝑖−
1

2
,𝑗+

1

2
,𝑛+

1

2

+
𝑔

2
(𝐻2)

𝑖−
1

2
,𝑗+

1

2
,𝑛+

1

2

)

1

𝜌𝑒
(
𝑈𝑉

𝐻
)
(𝑖−

1

2
,𝑗+

1

2
,𝑛+

1

2
) )

 
 
 
 

,         (29) 

𝐺̅
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

(𝑈̅) =

(

 
 
 
 

(
𝑉

𝐻
)
𝑖+
1
2
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2
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1
2

𝜌𝑒
1
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(
𝑈𝑉

𝐻
)
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2
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1

2
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1

2

1

𝜌𝑒
((
𝑉2

𝐻
)
𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2

+
𝑔

2
(𝐻2)

𝑖+
1

2
,𝑗+

1

2
,𝑛+

1

2
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,                

𝐺̅
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1

2
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1

2
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1

2

(𝑈̅) =

(

 
 
 
 

(
𝑉

𝐻
)
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2
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2
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1
2

𝜌𝑒
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𝜌𝑒
(
𝑈𝑉

𝐻
)
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2
,𝑗−

1

2
,𝑛+

1

2

1

𝜌𝑒
((
𝑉2

𝐻
)
𝑖+
1

2
,𝑗−

1

2
,𝑛+

1

2

+
𝑔

2
(𝐻2)

𝑖+
1

2
,𝑗−

1

2
,𝑛+

1

2

)
)

 
 
 
 

      (30) 

 

4. Results and Discussion  
This study presents numerical results for the 

selected model of coupled surface and subsurface 

flows. These results are achieved using the two 

numerical finite difference methods. For both 

numerical methods, the results were considered in the 

given computation domain with the same initial and 

boundary conditions. Simulation results were obtained 

numerically by using computer programing software 

MATLAB. After discussing the numerical results with 

the aforementioned conditions, a comparison of the 

numerical results of these applied numerical methods 

in coupled surface and subsurface flow is presented. 

The numerical results are drawn for the fixed 

parameters, 𝑘 = 0.01, 𝐹𝐷𝑥 = −0.1, 𝐹𝐷𝑦 =

−0.1, 𝑔 = 9.8, 𝐶𝐹𝐿 = 0.001, 𝛽 = 0, and 𝜌𝑒 = 1 for 

the surface flow region and 𝜌𝑒 = 0.2 for the subsurface 

flow region using the Lax-Wendroff method and 

FTCS. 

 
 

(a) 

  
(b) 

Fig. 3 Surface flow for the height function ℎ(𝑥, 𝑦, 𝑡) by using (a) 

the Lax-Wendroff method and (b) FTCS (The authors) 

 

The mesh displacement is incorporated into the 

height function ℎ(𝑥, 𝑦, 𝑡) for the specific time 𝑡. It is 

found that without the source term, the height function 

decreases, and the wave decreases in height and 

produces external momentum as the duration increases 

using two methods for the surface flow region. 

 

 

(a)  

  
(b) 

Fig. 4 Subsurface flow for the height function ℎ(𝑥, 𝑦, 𝑡) by using 

(a) the Lax-Wendroff method and (b) FTCS (The authors) 
 

These graphs indicate that extending the time 

duration to 𝑡 = 20 leads to the observable reduction in 

the height from ℎ = 7 to ℎ = 1.1, with the fixed 

parameters for the study of the subsurface flow region. 

 

 

(a)  

 
 

(b) 

Fig. 5 Surface flow for the velocity function 𝑢(𝑥, 𝑦, 𝑡) by using (a) 



Rajput et al. Comparative Analysis of Finite Difference Methods for Coupled Surface and Subsurface Flows in Extended Shallow Water 

Equations, Vol. 51 No. 3 March 2024 

54 

 

the Lax-Wendroff method and (b) FTCS (The authors) 

 

Through all computational analyses, it was observed 

that the vertical displacement of the surface flow area 

(water height) decreases as the slope of the bottom 

increases; however, the velocity of the water increases. 

On the contrary, the increase in the slope friction factor 

decreases the velocity function 𝑢(𝑥, 𝑦, 𝑡). 

 
 

(a)  

  
(b) 

Fig. 6 Subsurface flow for the velocity function 𝑢(𝑥, 𝑦, 𝑡) by using 

(a) the Lax-Wendroff method and (b) FTCS (The authors) 

 

These computational analyses reveal the numerical 

results for the subsurface flow regions for the velocity 

function in 𝑥 direction. It has been observed that as the 

bottom bed slope increases for the subsurface flow 

region, the vertical height of the water flow decreases, 

but it is noted that the velocity discharge rate increases 

through the cross-sectional area. The discharge rate and 

cross-sectional area are greater than those in the surface 

flow region. 

 

 

(a) 

  
(b) 

Fig. 7 Surface flow for the velocity function 𝑣(𝑥, 𝑦, 𝑡) by using (a) 

the Lax-Wendroff method and (b) FTCS (The authors) 

 

The analyses show that as time increases, keeping 

the other terms unchanged, the vertical movement of 

the water decreases for the velocity function 𝑣(𝑥, 𝑦, 𝑡) 
for the surface flow region. This phenomenon occurred 

due to the impact of the applied wave leading to the 

collapse of the water height and the generation of 

momentum. 

 

 

 

 

 

 
 

(a)  

 
 

(b) 

Fig. 8 Subsurface flow for the velocity function 𝑣(𝑥, 𝑦, 𝑡) by using 

(a) the Lax-Wendroff method and (b) FTCS (The authors) 

 

The above figures show the graphical simulation 

result for velocity function 𝑣 for the subsurface flow 

region using both methods. It is observed that the 

vertical displacement of the velocity decreases with 

increasing time in the same manner as in the surface 

flow region. In the subsurface flow region, the 

discharge rate is greater than that in the surface flow 

region, and the vertical height of the fluid is less than 

that in the surface flow region. 

 

4.1. Error Analysis 

When conducting error analysis for the 2D coupled 

surface and subsurface flow region, an exact solution is 

required. However, obtaining precise solutions for 

these interconnected equations proves to be 

exceptionally challenging, leading many researchers to 

opt for many numerical schemes to obtain numerical 

simulation results. The complexity of the coupled 

systems often makes it impractical or infeasible to find 

the exact solution, which emphasizes the reliance on 

the numerical approach for obtaining valuable 

information and accurate predictions. Suppose 𝑁 

denote the total number of cells and ℎ𝑖,𝑗,𝑛 denote the 

numerical solution for the height function ℎ at 𝑛 time 

step in cells 𝑖, 𝑗 = 1,2,…𝑁, similarly, let 𝑢𝑖,𝑗,𝑛 and 

𝑣𝑖,𝑗,𝑛 denote the numerical solution of velocity function 

𝑢 and 𝑣. Furthermore, due to the unavailability of the 

exact solution, consider the next time step solution for 

the height function as ℎ𝑖,𝑗,𝑛+1 in (𝑖, 𝑗) cell similarly for 

velocity function 𝑢𝑖,𝑗,𝑛+1 and 𝑣𝑖,𝑗,𝑛+1. Consider the 𝐿1 

and 𝐿∞ for the evaluation function ℎ(𝑥, 𝑦, 𝑡) and the 

residual error for the velocity functions as  

𝐿1(ℎ) =
1

𝑁
∑ |ℎ𝑖,𝑗,𝑛+1 − ℎ𝑖,𝑗,𝑛| 
𝑁
𝑖,𝑗=1                      (31) 

𝐿∞(ℎ) = max
𝑖,𝑗=1,2…𝑁

|ℎ𝑖,𝑗,𝑛+1 − ℎ𝑖,𝑗,𝑛|                       (32) 

𝑅. 𝐸 =
1

𝑁
∑ |((𝑢𝑖,𝑗,𝑛+1 − 𝑢𝑖,𝑗,𝑛) + (𝑣𝑖,𝑗,𝑛+1 −
𝑁
𝑖,𝑗=1

𝑣𝑖,𝑗,𝑛))/ (Δ𝑥 + Δ𝑦)|                                                 (33) 
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Fig. 9 𝐿1 and 𝐿∞ errors for the height function ℎ by using the Lax-

Wendroff method with 𝜌𝑒 = 0.2, 𝛽 = 1, 𝐶𝐹𝐿 = 0.001, 𝑘 = 0.01, 
and 𝑔 = 9.8 (The authors) 

 

 

 
Fig. 10 𝐿1 and 𝐿∞ errors for the height function ℎ by using FTCS 

with 𝜌𝑒 = 0.2, 𝛽 = 1, 𝐶𝐹𝐿 = 0.001, 𝑘 = 0.01, and 𝑔 = 9.8 (The 

authors) 

 

These figures illustrate 𝐿1(ℎ) and 𝐿∞(ℎ) computed 

error for the free surface velocity of the height function 

using the two distinct methods for the fixed values of 

the parameters. Upon close examination of these 

computed errors, it is evident that the Lax-Wendroff 

method exhibits a smaller error than the FTCS, 

demonstrating the notable close in errors. However, the 

Lax-Wendroff method produces more consistent and 

favorable results than FTCS. 

 

 
Fig. 11 Residual errors for velocity functions using the Lax-

Wendroff and FTCS methods with 𝜌𝑒 = 0.2, 𝛽 = 1, 𝐶𝐹𝐿 =
0.001, 𝑘 = 0.01, and 𝑔 = 9.8 (The authors) 

 

The residual error for the velocity function is 

computed on the basis of these figures for fixed values 

of the parameters. Both methods are employed for 

assessing the residual error for the velocity function, 

which indicates that the Lax-Wendroff method has a 

small residual error compared to FTCS. 

 

5. Conclusion 
The main objective of this study was to obtain 

numerical simulation results for the approximation of 

two-dimensional extended shallow water equations that 

include source terms. These equations represent the 

interaction of the coupled surface and subsurface flow 

regions. The extended shallow water equation is used 

to model the interaction between the surface and 

subsurface flow regions based on the value of 𝜌𝑒. This 

approach bypasses the use of the Richard and 
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Boussinesq equations commonly used for subsurface 

flow. By integrating 𝜌𝑒 effects, this modified 

formulation captures both surface and groundwater 

behavior without using additional equations related to 

subsurface flow dynamics. The focus is on the 

numerical simulation results that provide an accurate 

portrayal of the complex dynamics of involvement in 

these systems. From these numerical methods, it has 

been concluded that the Lax-Wendroff method 

outperforms FTCS in both speed and accuracy when 

computed with the same inputs. To ensure the stability 

of these methods, very small time steps are considered, 

reducing 𝐶𝐹𝐿 value to 0.001 in such instances. This 

approach is crucial for obtaining the stability of the 

numerical simulations with the Manning coefficient 

and source term. Remarkably, both methods provide 

stable and consistent results even without the Reimann 

solver and finite volume methods, as long as a small 

CFL value is used. This research also includes the 

investigation of other finite difference techniques to 

obtain numerical simulation results that are available in 

the literature. In conclusion, the main finding indicates 

that in the subsurface flow regions, increases in both 

velocity and cross-sectional area correlated with an 

escalation of discharge. Numerical simulations reveal 

direct proportionality between the friction source term, 

velocities, and vertical displacement of water flow. 

This relationship illustrates the mutual influence of 

these factors, emphasizing the importance of 

considering the velocity, vertical displacement, and 

friction slope term in the analysis of hydraulic 

phenomena. Physically, water flowing with a lower 

slope tends to have a slower velocity than water 

flowing with a greater slope. 
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