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Abstract: Numerical simulation of coupled surface and subsurface flows is crucial for modeling equations
for flood waves, runoff processes, and tsunami wave propagation with topographical functions in different fields of
science and engineering. The shallow water 2D equation was used to model the coupled dynamics of surface and
subsurface flows. These equations form a system of coupled nonlinear partial differential equations. The
development of an easy-to-use and robust numerical method to accurately determine fluid motion in this coupled
flow scenario, including topographic considerations, is of utmost importance. The numerical simulation results of
these equations are obtained explicitly using two numerical methods: the forward time-centered scheme and the
Lax-Wendroff method. This study compares the numerical simulation results of the connected region at different
time steps. The stability is checked through error analysis. Both methods give identical numerical results, although
the Lax-Wendroff method shows a slightly better performance. All these numerical results are obtained using CFL
stability criteria.
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1. Introduction

The interaction between surface water flow and
ground water flow is natural in water bodies such as
rivers, lakes, wetlands, coasts, and oceans.
Understanding this interaction is essential for managing
water resources, predicting floods, and ecological
health. For the surface flow that causes runoff or flood
flow, problems emerge, when the water enters the city
or village; these problems are in the shape of life lost
and other losses [1]. In the mid-19™ century, Henry
Darcy laid the groundwork for the flow of water
through porous media, which is a fundamental idea for
understanding groundwater dynamics. The study of
these two coupled region flows has grown into the
dynamics field with diverse research themes and
applications [2-5]. Coupled flow modeling involves
the integration of surface flow models with ground
water flow models, hydrodynamic models, and
numerical flow models. This integration allows the
simulation of water movement across the interface
between surface and subsurface flows [6-9]. Coupled
flow simulations have found a wide range of
applications in different hydrological studies and water
resource management. Some notable applications
include flood wave emergencies, dam breaks, tsunami
wave propagation [10-11], and irrigation [12]. The
shallow water equations are used for surface flow
modeling, whereas for subsurface flow, Richard’s
equation [13] is used. The shallow water equations also
use the porosity parameter of the surface flow that also
works as a coupling parameter [14]. Different
numerical models are adopted to simulate the coupled
behavior of the surface and subsurface water flows.
These equations are a set of partial differential
equations that describe the flow of water in both
domains incorporating various parameters. Other
models are also used to describe different types of
equations for stable solutions with porosity [15-17].
Numerical simulations of coupled surface and
subsurface flows have attracted attention in recent
years either for surface flows or both regions. Flouri et
al. [18] discussed the method of splitting tsunami and
Godunov-type finite difference method, and Lu et al.
[19] developed a convergence with improved Lax-
Friedrichs method for surface flows. Saiduzzaman and
Ray [20] discuss different types of finite difference
methods for comparison of 1D and 2D shallow water
equations. Using a simple weighted essentially non-
oscillatory (SWENO) scheme, Lu et al. [21] proposed a
Lax-Wendroff-class procedure with a high-order finite
volume. To obtain better numerical simulation results
for 1D and 2D surface flows, Yuan et al. [22]
developed a finite volume method with complex
topography for surface flows. The numerical fluxes
were calculated using the HLL Riemann solver.
Zoppou and Roberts [23] used a finite volume Riemann
solver with the van Leer limiter. Studies [24-25] used a

finite difference forward time central scheme for the
simulation of overland flow. Kirstetter et al. [26]
discuss the Darcy-Weisbach equation, Poiseuille
friction, and Manning formula to obtain numerical
simulation results, which are compared with
experimental work. Garcia and Kahawita [27]
developed the Mac-Cormack time-splitting scheme for
the simulation of a hydraulic model to obtain numerical
results for St. Venant’s equations. In the present study,
a 2D shallow water equation with the porosity and
friction resistance parameters is discussed. Different
values of the porosity parameter are analyzed for
coupled surface and subsurface regions. Validation
results are compared with residual error in different
time durations.

2. Mathematical Model

A mathematical model is a key point for
computational methods. Mathematical model choice
depends on the specific field of the study and the
characteristics of the system under investigation. Flows
in shallow water in 2D are modeled using equations
from the shallow water equations, and the Navier-
Stokes type equations are used for flows in porous
media. Here, by depth integration, the 3D Navier-
Stokes type equations can be transformed into forms
similar to those of the shallow water equations [14].

dh 0 (hu d (hv\ _

st (=0 ()

19 10 (p 2 gh?, 10 _

T (hu) + 7o (hu +5 ) + 7y (huv) =
gh(SOx - Sfx) - FDx (2)

19 190 L0 (2, gh%)

PN (hv) + 7 ox (huv) + 23y (hv +5 ) =
gh(Soy — S¢y) — FD, ®)

where h is the height of the water surface, u and v are
the depth-averaged velocity components in the x and y
directions, g is the acceleration due to gravity, Soy, Ssx
are the surface gradient and frictional resistance in the
x direction, and Sy, and Sf, are the surface gradient
and frictional resistance in the y direction, FD, and
FD,, are the external force of the body in the x and y
directions, p, is the porosity parameter, and t is the
time step. Let h(x,y,t) = z(x,y,t) + b(x,y) be the
total height from the free surface to the impenetrable
bottom.
y 4

Free surface Velocity

Bottom surface

0 X
Fig. 1 Numerical domain for the coupled surface and subsurface
regions (The authors)
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Here are the equations representing either surface
flows or subsurface flows, which are obtained by

oh 9 (hu 0 (hv\ _

st e () =0 )

ij 10 2, gh? 10 _

E (hU.) + Ea (hu + T) + ZE (huv) =
pegh(BSOx - Sfx) - peFDx (5)

9 190 10 (2, gh?) _

Py (hv) + o (huv) + >y (hv += ) =
pegh(BSoy = Sry) = PeFDy (6)
where

_ { 1, p. = 0,1 for surface flows
p= 0, 0 < p, < 1 for subsurface flows
The bottom slope in x and y directions Sy, and S,,,,
is given by [28].
ab
Sox = =5, = —by, and Sy, = —0x = -b, (V)
where b is the bottom elevation, and the friction
resistance terms Sy, and Sy, can be defined by
Manning’s resistance law.
k2 2 + 2 kZ 2 + 2
Spx =#;Sfy:#: (8)
h3 h3
where k is the Manning roughness coefficient, and the

source term S(U) is expressed as
aF(u) ac(u)

+ + = S(0), 9)
t x(U)+G (U)jS_(U)_ B (10)
where U = [h, hu, hv]T, F(U), G(U) are the fluxes, and
S(D) is the source term defined as
hu
b Pe
J 2
= <hu), FO) = |- (2 +%5) [, @y
hv M
Pe
hv
G0 huv
( )_ pe )

5@ = - (12)
Pegh <_.8by - 1;2+v2) — peF Dy
n3
hv
/ Pe \
S huv
GW) =

S(0) n (13)
( Bhb,, — ) — poFD
h3
E
/ )
JE— huv —
GO =| o |, S() =
2 (2 4 9% /
\Pe (hv + > )
( w5 o
Dod (—hﬁbx _ KPu ul2 +v2
| n3 |
\peg (—ﬁhby _ kzm/:; +v2 /
The Jacobian matrix of A(U) of F(U B(U) of
G (U) are discussed in [23, 29-33]:
0 —
Pe
0| (L) 22
pe\ H I peH
uv %4 U
peH peH peH
T
Pe
uv 14 U
B(U = | _PeH PeH  peH | (14)

V2 2V
o (=F+eH) o o
with the eigenvalues corresponding to matrix A(U) and
B(U):

PR (/R YA WY Y O Ry P

pe \H 2 peH pPe \H 2

_1(r 9H -V s =1lY_ /ﬂ
Gl_pe(H+ 2)'62 PN pe<H 2) (15)

where 14, 4,, and A5 are the eigenvalues corresponding
to A(U), and oy,0,, and o3 are eigenvalues
crossponding to B(U). Implementation on the
MATLAB software considers the following throughout
this study:

H=hhu=Uhv=V (16)

2.1. Initial and Boundary Conditions
u(x,y,0) =0,v(x,y,0) =0,h(x,y,0) =1+

where

b(xl }’) = 206_0-01[(36' - 100)2+ (y — 15)2] (18)
u(oyyl t) = uO:u(BOO;yr t) = ul,v(x’ 0’ t) =

v, v(x,50,t) = vy (19)

where ug, uq, vo, and v, are the left, right, bottom, and
top boundary values, respectively. For boundary
conditions, the total length L along x — axis is 300 m,
the width W along y — axis is 50, and the height is
20 m.



Rajput et al. Comparative Analysis of Finite Difference Methods for Coupled Surface and Subsurface Flows in Extended Shallow Water

52

Equations, Vol. 51 No. 3 March 2024

3. Numerical Method

The governing equation for the coupled surface and
subsurface flow model encompasses three unknown
variables, a free surface water level, and two variables
originating from the momentum equation. This study
employed the cell-centered finite volume method with
a rectangular domain to obtain the numerical
simulation results for extended shallow water equation
(10). This equation is solved using two different finite
difference methods.

Fig. 2 Numerical domain for surface and subsurface flows (The
authors)

3.1. Forward Time Central Scheme (FTCS)

The computational domain is divided into a grid of
nodes, with the grid point (i, j) representing the spatial
coordinates (x,y) and the spacing between the grid
points (Ax, Ay) based on the desired resolution. For the
solution of equation (10) employing the explicit
forward time central scheme, the domain discretizes
into a grid and approximates the derivatives using finite
differences. Let us assume a rectangular grid with Ax
and Ay spacing inxandy directions, respectively.
Using the forward time scheme, equation (10) is
written as

Uijn+1=Uijn ZAX(FHl]n_ i— 1jn)+

sz (Gl j+1n Gi,j - 1,n) + AtSi,j,n (20)
Hl,j,n+1 Hi,j,n
Upjn+r = | Uijm+1 |, Upjn = Uijn (21)
Vijn+1 Vijn
U
(H )i+1, in
Pe

_ N 1 UZ
Fiv1jn(U) = _<<F> +§(H2)i+1.j.n>
Pe i+1,j,n
1 (UV)
Pe H (i+1,j,n)
(iajm \
Pe |
F_. . (0) =] L((v g
Fiosjn(D) pe((H)i_l‘j'n+2(H2)i_1,j,n) ) (22)

i (%) (i-1,j,n)

|4
(ﬁ> Lj+1,n

Pe
1 (UV)
Pe H (i,j+1,n)

1 <V2> g
—\| | = +=(H?)ijr1n
pe< H i,j+1n 2

(#)soam
Pe

— = 1 (Uv
Gi,j—l.n(U) - _(?)(i,j—l,n) (23)

Pe

L((= 912y,
_ _ Pe ((H)i,j—l,n + 2 (H )l,]—l,n>
Sijn(U) =

( / biy1 j—bi l]n L]n L]n\
Ped \ Hljnﬁ( +12/Ax IJ Hi3 } peFDx
L]n

2

v U\? v
| / b11+1—bu 1 kZ(ﬁ)i'j'" (ﬁ)i'j'n+(ﬁ)i’j'n\

\peg\ 20y LJH_T/_pEFDy/
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where (i,j) represents the grid indices in the x and y
directions, n € Z* is the time step index, and
F(U)and G(U) are the horizontal and vertical fluxes
in the x and y directions, which depend on the current
values of H, U, and V. The finite difference central
scheme is applied to compute the fluxes at the current
time step (n) and the next time step (n + 1). The 2D
extended shallow water equations are solved using an
advance central system [34].

At < c. min(Ax,4y) (25)
2max<p1 <Hi-\/97'1> ple< +E>>

where ¢ is the CFL condition 0 < ¢ < 1.

G_i,j+1,n([7) =

(24)

3.2. The Finite Difference Lax-Wendroff Method
Consider the uniform rectangular mesh grid at the

points (x;, y;) with the constant grid step Ax = x;,, —
X;, Ay = y;41 — y; and the dual meshes at the center

. . Ax A
points given as <Xi+§' yi+%) = (7 + x5+ yi),
discretization of equation (10) uses the Lax-Wendroff
method. The first half step of the method is as follows
[35]:

1 j— j— —_—

1= _(Uijn +Uisjn t Upjran +

i+1j+3n+—
Ul+1 J+1, n) + 2Ax (Fl+1 j+in — i,j+1,n) +
2Ay (Gl+1 j+1in — i+1,j,n) + AtS iLjn (26)
where
H 1.1 1

l+E,]+E,Tl+E

Ui+l N = Ui+1j+l,n+% (27)
2 Tnt; v
i+ j4on+s

2

The second step of the method is defined below,
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which completes the time step by using the values
computed from the first half step.

Ujmer = Usjn = 5ac (FH;,H;,M; -
— At _ _
Fia j+1,n+1) T 2ay (GH;, jaknet T Gi_;,j_;,mg) +
ij (28)
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G..1,1 1([7) =
l+?]—?n+5 .
/ (s 22 \
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| 1 () |
pe VH )13 2n 2 (30)

1 ((v? 912
K— (;) v o1 o F(HO) e
Pe it —7n+; 27 2772

4. Results and Discussion

This study presents numerical results for the
selected model of coupled surface and subsurface
flows. These results are achieved using the two
numerical finite difference methods. For both
numerical methods, the results were considered in the
given computation domain with the same initial and
boundary conditions. Simulation results were obtained
numerically by using computer programing software
MATLAB. After discussing the numerical results with
the aforementioned conditions, a comparison of the
numerical results of these applied numerical methods
in coupled surface and subsurface flow is presented.
The numerical results are drawn for the fixed

parameters, k = 0.01, FD, = —0.1, FD, =

—0.1,g = 9.8, CFL =0.001,8 =0, and p, =1 for
the surface flow region and p, = 0.2 for the subsurface
flow region using the Lax-Wendroff method and
FTCS.

(b)
Fig. 3 Surface flow for the height function h(x, y, t) by using (a)
the Lax-Wendroff method and (b) FTCS (The authors)

The mesh displacement is incorporated into the
height function h(x,y,t) for the specific time ¢t. It is
found that without the source term, the height function
decreases, and the wave decreases in height and
produces external momentum as the duration increases
using two methods for the surface flow region.

| I

(b)
Fig. 4 Subsurface flow for the height function h(x, y, t) by using
(a) the Lax-Wendroff method and (b) FTCS (The authors)

These graphs indicate that extending the time
duration to t = 20 leads to the observable reduction in
the height from h =7 to h = 1.1, with the fixed
parameters for the study of the subsurface flow region.

E

e
@

!; '

, // ’-m / o I
(b)

Fig. 5 Surface flow for the velocity function u(x, y, t) by using (a)
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the Lax-Wendroff method and (b) FTCS (The authors)

Through all computational analyses, it was observed
that the vertical displacement of the surface flow area
(water height) decreases as the slope of the bottom
increases; however, the velocity of the water increases.
On the contrary, the increase in the slope friction factor
decreases the velocity function u(x, y, t).

| I

1

“ @)

I | I

e = = I oF - ‘
(b)

Fig. 6 Subsurface flow for the velocity function u(x, y, t) by using
(a) the Lax-Wendroff method and (b) FTCS (The authors)

These computational analyses reveal the numerical
results for the subsurface flow regions for the velocity
function in x direction. It has been observed that as the
bottom bed slope increases for the subsurface flow
region, the vertical height of the water flow decreases,
but it is noted that the velocity discharge rate increases
through the cross-sectional area. The discharge rate and
cross-sectional area are greater than those in the surface

flow region.
' | I
@
i I

(b)
Fig. 7 Surface flow for the velocity function v(x, y, t) by using (a)
the Lax-Wendroff method and (b) FTCS (The authors)

The analyses show that as time increases, keeping
the other terms unchanged, the vertical movement of
the water decreases for the velocity function v(x,y,t)
for the surface flow region. This phenomenon occurred
due to the impact of the applied wave leading to the
collapse of the water height and the generation of
momentum.

o @
| '
it P I <k I
(b)

Fig. 8 Subsurface flow for the velocity function v(x, y, t) by using
(a) the Lax-Wendroff method and (b) FTCS (The authors)

The above figures show the graphical simulation
result for velocity function v for the subsurface flow
region using both methods. It is observed that the
vertical displacement of the velocity decreases with
increasing time in the same manner as in the surface
flow region. In the subsurface flow region, the
discharge rate is greater than that in the surface flow
region, and the vertical height of the fluid is less than
that in the surface flow region.

4.1. Error Analysis

When conducting error analysis for the 2D coupled
surface and subsurface flow region, an exact solution is
required. However, obtaining precise solutions for
these interconnected equations proves to be
exceptionally challenging, leading many researchers to
opt for many numerical schemes to obtain numerical
simulation results. The complexity of the coupled
systems often makes it impractical or infeasible to find
the exact solution, which emphasizes the reliance on
the numerical approach for obtaining valuable
information and accurate predictions. Suppose N
denote the total number of cells and h; ;,, denote the
numerical solution for the height function h at n time
step in cells i,j =1,2,...N, similarly, let Ui jn and
v; j» denote the numerical solution of velocity function
u and v. Furthermore, due to the unavailability of the
exact solution, consider the next time step solution for
the height function as h; j ,,..1 in (i, ) cell similarly for
velocity function u; j 44 and v; j 4. Consider the L,
and L., for the evaluation function h(x,y,t) and the
residual error for the velocity functions as

1
Ly(h) = S Zoi|hijnes = hijnl (31)
Lo(h) = ijLT}aZ%.N|hi,j,n+1 — hyjn| (32)

1
R.E = ;Z?,’j=1|((ui.j,n+1 - ui_j,n) + (Ui,j,n+1 —
v in))/ (Ax + Ay)| (33)
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Boussinesq equations commonly used for subsurface
flow. By integrating p, effects, this modified

formulation captures both surface and groundwater
behavior without using additional equations related to
subsurface flow dynamics. The focus is on the
numerical simulation results that provide an accurate
portrayal of the complex dynamics of involvement in
these systems. From these numerical methods, it has
been concluded that the Lax-Wendroff method
outperforms FTCS in both speed and accuracy when
computed with the same inputs. To ensure the stability
of these methods, very small time steps are considered,
reducing CFL value to 0.001 in such instances. This
approach is crucial for obtaining the stability of the
numerical simulations with the Manning coefficient
and source term. Remarkably, both methods provide
stable and consistent results even without the Reimann
solver and finite volume methods, as long as a small
CFL value is used. This research also includes the
investigation of other finite difference techniques to
obtain numerical simulation results that are available in
the literature. In conclusion, the main finding indicates
that in the subsurface flow regions, increases in both
velocity and cross-sectional area correlated with an
escalation of discharge. Numerical simulations reveal
direct proportionality between the friction source term,
velocities, and vertical displacement of water flow.
This relationship illustrates the mutual influence of
these factors, emphasizing the importance of
considering the velocity, vertical displacement, and
friction slope term in the analysis of hydraulic
phenomena. Physically, water flowing with a lower
slope tends to have a slower velocity than water
flowing with a greater slope.
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