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Abstract: In this study, we present some findings from applying a complementary data regularization 

approach to a nonlinear image denoising model. The proposed method uses optimizing non-quadratic energy 

functionals with normalized data terms. This study aims to develop an image denoising technique that combines 

well-known robust diffusivity coefficients such as total variation regularization with normalized data term known as 

complementary data regularization. We apply our modified mathematical approach to the matrix-valued images, a 

challenging computational task. The primary purpose of the complementary regularization idea of data terms is to 

create a compatible connection and a reliable balance between diffusion and data terms. The standard finite 

difference scheme has been considered as a discretization method for the numerical solution of the partial 

differential equation obtained from the variational optimization of the modified energy function. The performance 

of the proposed model is demonstrated through numerous numerical experiments in terms of image quality analysis 

and computational time. Comparison of the results with some well-known classical methods such as Perona–Malik, 

total variation, and non-local mean methods in the literature is the heart of this work. 

Keywords: image denoising, isotropic diffusion, complementary regularization, variational optimization. 

非線性矩陣值影像去雜訊的互補資料正規化 

摘要：在本研究中，我們提出了將互補資料正規化方法應用於非線性影像去噪模型的一

些發現。所提出的方法使用具有歸一化資料項的最佳化非二次能量泛函。本研究旨在開發一

種影像去雜訊技術，該技術將眾所周知的穩健擴散係數（例如全變分正則化）與稱為互補資

料正則化的歸一化資料項相結合。我們將修改後的數學方法應用於矩陣值影像，這是一項具

有挑戰性的計算任務。資料項的互補正則化想法的主要目的是在擴散項和資料項之間創建相

容的連接和可靠的平衡。標準有限差分格式被認為是透過修正能量函數的變分優化所獲得的

偏微分方程數值解的離散化方法。透過影像品質分析和計算時間方面的大量數值實驗證明了

所提出模型的性能。將結果與文獻中一些著名的經典方法（例如佩羅納馬利克、全變異和非

mailto:muzaffararain@quest.edu.pk
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局部均值方法）進行比較是這項工作的核心。 

关键词：影像去噪、各向同性擴散、互補正規化、變分優化。 

 
 

1. Introduction 
In acquiring, transmitting, and storing images, noise 

appears as a typical phenomenon. For instance, random 

noise of varying intensities will be added to the 

obtained image if the imaging sensor’s surface has 

damaged pixels that cannot register incident light. 

Examples of noise models include salt and pepper [1], 

Gaussian and Poisson [2], shot [3], and speckle [4, 5]. 

In nature, they can be additive (noise added to the 

original image) or multiplicative (noise multiplied to 

the initial image). Denoised images are better suited for 

later image processing, analysis, and comprehension. 

As a result, image denoising is a critical component of 

image processing and has been the subject of extensive 

research [4, 6–12]. The variational approach in imaging 

technologies is a modern approach that optimizes 

energy functions consisting of regularization and data 

terms [13–17]. In mathematical imaging techniques, it 

is usual practice that researchers use gray values as 

data [12–22], which is a simple computational task, 

whereas image denoising specifically for matrix-valued 

(color) images is an essential aspect of the 

computation. The optimization of the variational model 

imaging methods yields partial differential equations in 

the form of anisotropic and isotropic diffusion 

equations [13, 19, 22–24]. The partial differential 

equations (PDE’s) based filters are broadly used in 

mathematical image processing techniques for image 

reconstruction, enhancement, and other applications, 

such as optical flow and stereo vision [25, 26]. 

Therefore, to overcome these challenges, scholars have 

proposed existing image denoising/enhancement 

methods, including total variation image regularization 

[13–17], diffusion models such as [19–21, 27–29], 

wavelet thresholding such as [30–32], bilateral 

filtering, non-local means filtering [33, 34], and block 

matching and 3D filtering [35, 36]. Removing noise 

while preserving edges and other important information 

A great deal of research has gone into understanding 

the models. Recently, among the image denoising 

techniques, PDEs and variational methods have 

become popular methods for image denoising [12–17, 

19–22]. The best known is the total variation model 

proposed in [13, 22]. Usually, nonlinear variational 

models are applied to preserve important information, 

such as edges of imaging processes. Although this 

nonlinear second-order PDE is a helpful agent to 

preserve edges, the staircase effects are a common 

issue in the smooth region of the image. Numerous 

mathematical models have been proposed to overcome 

the staircase effects. Since denoising is an ill-posed 

problem, the research community is still working to 

achieve the desirable accuracy of the computed 

solution as the denoised image. A novel approach in 

[25], from the modeling point of view, was proposed as 

a modification in quadratic regularization for the optic 

flow problem as normalization of the data term. This 

novel idea is known as complementary data 

regularization. The main goal was to regularize the data 

and smoothness terms simultaneously, which is a novel 

idea for estimating optical flow from a sequence of 

images. Adaptive control of regularization 

(complimentary image motion problem) based on a 

posteriori error estimation [26] for a variational optic 

flow model, which was designed using a 

complementary approach [25] and successfully applied. 

The idea is based on optimizing a quadratic function in 

L^2 (Ω) and proposes image-driven diffusivity with 

complementary regularization for image-denoising 

problems [37]. The authors of [25] propose a similar 

strategy for other applications. Under the above 

suggestions, we combine the regularized version of 

total variation (TV) smoothing with complimentary 

data regularization for color image restoration. The 

main contributions of this work can be summarized as 

follows: 

• To develop complementary regularization applied 

to optical flow problems [25, 26] and proposed by the 

authors for other applications (challenging tasks 

specifically for matrix-valued images). 

• The application of the direct method of calculus of 

variation (energy minimization) along with standard 

finite difference discretization (numerical algorithm) 

has been applied to optimize the proposed objective 

function. 

• To evaluate the performance of our method, we 

conducted numerous numerical experiments and 

compared the results with those of competitive 

methods. The performance evaluation based on some 

confidence measures is MSE, PSNR, and SSIM. The 

rest of this paper is as follows. In Section 2, we briefly 

review some related work on variational methods for 

image denoising. In Section 3, we present the 

formulation of the proposed model and the problem 

settings. In Section 4, we present problem 

discretization and image quality assessment. In Section 

5, we represent the numerical experiments and 

simulations with a comparative study. Section 6 is the 

conclusion of the paper. 
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Fig. 1 Flowchart of the research methodology 

 

2. Literature Review 
Mathematically, the color noisy image is defined as 

follows: 

𝑓: Ω ⊂ 𝑅2 → 𝑅3 (1) 

where 

𝑓 = 𝑢 + 𝜂 (2) 

Here, the original image is  𝑢 and noise  𝜂, 
respectively. Image-denoising problems are usually ill-

posed and totally data-dependent. Energy minimization 

techniques are modern regularization methods used to 

handle mathematical imaging problems [13–17, 25, 

26]. The variational methods for image denoising 

usually minimize the energy functional given below: 

min
𝑢∈Ω

 𝐸 𝑢 ≔  𝑀 𝑢, 𝑓 𝜕Ω +
Ω

 𝑉 ∇𝑢 𝜕Ω
Ω

  (3) 

A specific example in [38] considered the following 

energy optimization denoising problem: 𝐸(𝑢) 

min
𝑢∈Ω

 𝐸 𝑢 ≔
𝜆

2
  𝑢 − 𝑓 2𝜕Ω +

Ω

 𝑅 𝑢 𝜕Ω
Ω

  (4) 

where the domain of the image is Ω with Lipschitz 

boundary, and 𝜆 >  0.  

In mathematical images, denoising problems, total 

variation, and Tikhonov regularization are well-known 

nonlinear and linear variational regularization 

techniques [13, 22]. Considering the extra 

regularization effects of linear diffusion filters, 

nonlinear smoothing terms have been preferred for 

preserving image hypersurfaces during the processing 

task. Furthermore, the diffusion process has two 

classes: isotropic and anisotropic diffusion. [39] 

discusses these diffusion classes in detail. The first part 

of Eq. (3) measures the fidelity to the data f that 

minimizes the oscillations in the noisy image called the 

data term. The second part is the regularization term 

that performs the smoothing effects called the 

regularization term. An example of quadratic 

regularization is the Tikhonov method used as the 

earliest regularization technique, in which the 

smoothing part consists of a L^2 (Ω) norm of gradient 

[22, 40]. Eq. (5) below considers the Tikhonov 

optimization model: 

min
𝑢∈Ω

 𝐸 𝑢 ≔  𝑀 𝑢, 𝑓 𝜕Ω
Ω

+ 𝜆  ∇u 2𝜕Ω
Ω

  (5) 

Famous examples of nonlinear optimization are the 

optimization of non-quadratic functionals like 𝐿1 Ω  
[13] and the Perona–Malik approach [19]. 𝐿1 Ω  or 

total variation regularization preserves the edge 

information in the recovered image [41]. Total 

variation regularization is a well-known regularization 

among edge-preserving regularization methods [13]. 

[13 and 38] proposed optimization of the 𝐿1 Ω  norm 

of the gradient of the image, instead of the 𝐿2 Ω   
norm. The ROF variational model is as follows: 

min
𝑢∈Ω

 𝐸 𝑢 ≔  𝑀 𝑢, 𝑓 𝜕Ω +
𝜆

2
  ∇u 𝜕Ω

ΩΩ

  (6) 

The norm   ∇ 𝜕Ω|
Ω

𝜕Ω is the regularization term, 

and the norm  𝑀 𝑢, 𝑓 𝜕Ω
Ω

 is the fidelity term. The 

regularization term measures the amount of oscillation 

found in the function 𝑢(𝑥, 𝑦) and allows for 

discontinuities while disfavoring oscillations. As a 

result, the TV model performs very well in preserving 

edges in the recovered image. The ROF model is 

generally effective in removing Gaussian noise from 

images. It preserves edges well. However, ROF is 

observed as losing some geometrical features of the 

image and causing artifacts such as staircase artifacts 

[42]. Another very popular and effective approach in 

the available imaging literature is the Perona–Malik 

(PM) imaging method, which is an ill-posed and 

usually called anisotropic diffusion method [19]. They 

proposed their 

Model, which is a classic edge-preserving diffusion 

model, was used for image processing. The smoothing 

part of the proposed energy functional is given by 

𝑉 ∇u =  
𝑐2

2
log 1 +  

 ∇𝑢 

𝑐
 

2

 𝜕Ω
Ω

 (7) 

where 𝑐 represents a tuning constant.  

The choice of data term depends on the imaging 

application. Visible artifacts have been revealed in the 

images recovered by the application of the Perona–

Malik in homogeneous regions from the energy 

functional, which lacks the mathematical properties of 

|∇𝑢| for particular values. 

 

3. Proposed Method and Problem 

Settings 
Conventional denoising methods based on 

variational approaches, as reported in the literature, are 

usually based on gray value image processing, which is 

a simple computational task. Considering the 

availability of modern computers with extended 

memory and computational power, it would be more 

interesting to tackle complex computational tasks such 

as the processing of color imaging. In this work, we 

propose a minimization problem with a modification in 

nonlinear regularization based on the [28] energy 
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functional approach using the idea of complementary 

data regularization. The complementary regularization 

proposed for optic flow problems goes back to [25], 

which introduced the normalization of the data term to 

maintain a good balance between smoothness and data 

to avoid the issue of contradiction (which may occur 

between those terms). Furthermore, the authors 

assumed the idea of such data normalization (proposed 

as complementary optic flow) for other imaging tasks, 

such as image denoising. In the spirit of the above 

discussion, we propose the following denoising 

variational model for matrix-valued images as the color 

image denoising problem.  

min
𝑢∈Ω

 𝐸 𝑢𝑘 ≔ 𝛼 𝑔𝑘  ∇𝑢𝑘  𝜕Ω
Ω

+ λ 𝐶𝑟( ∇𝑓𝑘  )𝑀(𝑢𝑘 , 𝑓𝑘)𝜕Ω
Ω

  
(8) 

Here 𝛼 >  0 strictly positive scaling parameter, the 

diffusivity coefficient 𝑔𝑘  ∇𝑢𝑘   ∈ 𝐿
1(Ω) is given as 

 𝑔𝑘  ∇𝑢𝑘   = 𝑐   1 +  
 ∇uk 

𝑐
 

2

− 1  (9) 

𝐶𝑟  ∇𝑓𝑘   =
1

1 +
 ∇𝑓𝑘  

2

𝑐2

 
(10) 

𝑀 𝑢, 𝑓 =  𝑢𝑘 − 𝑓𝑘 
2 (11) 

The tuning parameter 𝜆 >  0, the small shape 

defining constant 𝑐 and 𝐶𝑟  ∇𝑓𝑘    is the complimentary 

regularization function, 𝑘 =  1, 2, 3 represents the 

respective color channels (𝑅, 𝐺, 𝐵) of matrix-valued 

image.  For the optima of the energy functional Eq. (8), 

with the application of the direct method of calculus of 

variation [43], the optima variational optimization 

problem given in Eq. (8) yields the Euler-Lagrange 

equation: 

−𝑑𝑖𝑣  𝛼𝑔𝑘
′   ∇𝑢𝑘 𝑥, 𝑦   ∇𝑢𝑘 𝑥, 𝑦  

+ 𝜆𝐶𝑟  ∇𝑢𝑘 𝑥, 𝑦    𝑢𝑘 − 𝑓𝑘 
= 0 

(12) 

with the Neumann boundary condition 
𝜕𝑢𝑘 𝑥, 𝑦 

𝜕𝑛 
= 0,     𝜕Ω 

 

where 

𝑔𝑘
′   ∇𝑢𝑘 𝑥,𝑦   =

1

 1 +
 ∇𝑢𝑘  2

𝑐2

 
 

The solution of problem (12) is therefore 

equivalently viewed as the steady-state solution to the 

time-dependent problem given in Eq. (13) 

𝑢𝑡 𝑥, 𝑦, 𝑡 

= 𝑑𝑖𝑣(𝛼𝑔𝑘
′ ( ∇𝑢𝑘 𝑥, 𝑦, 𝑧  ) ∇𝑢𝑘 𝑥, 𝑦, 𝑡 )

− 𝜆𝐶𝑟  ∇𝑓𝑘 𝑥, 𝑦, 𝑧    𝑢𝑘 − 𝑓𝑘  
(13) 

with boundary conditions 
𝜕𝑢𝑘 𝑥,𝑦,𝑡 

𝜕𝑛
= 0, on 𝜕Ω × (0, 𝑇)  

and the initial conditions 

𝑢𝑘 𝑥, 𝑦, 0 = 𝑓𝑘 𝑥, 𝑦   in Ω  

where  

𝑔𝑘
′   ∇𝑢𝑘 𝑥,𝑦,𝑡   =

1

 1 +
 ∇𝑢𝑘  2

𝑐2

 
 

 

4. Problem Discretization 
To design the solution strategy and the locally 

adaptive regularization algorithm, we apply the 

standard finite differences to discretize the continuous 

problem (13). Furthermore, we introduce the following 

gradient approximation for the image gradients ∇𝑢𝑘 .  

∇𝑁𝑢𝑘 𝑖, 𝑗, 𝑡 ≈
𝑢𝑘 𝑖 − 1, 𝑗 − 𝑢𝑘 𝑖, 𝑗 

∆𝑥
 (14) 

∇𝑆𝑢𝑘 𝑖, 𝑗, 𝑡 ≈
𝑢𝑘 𝑖 + 1, 𝑗 − 𝑢𝑘 𝑖, 𝑗 

∆𝑥
 (15) 

∇𝐸𝑢𝑘 𝑖, 𝑗, 𝑡 ≈
𝑢𝑘 𝑖, 𝑗 + 1 − 𝑢𝑘 𝑖, 𝑗 

∆𝑦
 (16) 

∇𝑊𝑢𝑘 𝑖, 𝑗, 𝑡 ≈
𝑢𝑘 𝑖, 𝑗 − 1 − 𝑢𝑘 𝑖, 𝑗 

∆𝑦
 (17) 

where ∇𝑁𝑢𝑘 𝑖, 𝑗, 𝑡 ,∇𝑠𝑢𝑘 𝑖, 𝑗, 𝑡 , ∇𝐸𝑢𝑘 𝑖, 𝑗, 𝑡  and 

∇𝑊𝑢𝑘 𝑖, 𝑗, 𝑡  are the components of (18) in the north, 

south, east and west, respectively, at time 𝑡.  
Furthermore, we consider the space discretization 

steps as ∆𝑥 =  ∆𝑦 =  1. The time step is denoted as 

∆𝑡. Substituting the above finite differences in (13), 

and by simplification, the final discrete problem is 

given as follows: 

𝑢𝑘 𝑖, 𝑗, 𝑡 + 1 = 𝑢𝑘
+ ∆𝑡 𝛼 𝑔𝑁∇𝑁𝑢𝑘 + 𝑔𝑆∇𝑆uk

+ 𝑔𝐸∇𝐸𝑢𝑘 + 𝑔𝑤∇𝑤𝑢𝑘 
− 𝜆(𝑐𝑁 𝑢𝑘 − 𝑓𝑘 𝑐𝑆 𝑢𝑘 − 𝑓𝑘 
+ 𝑐𝐸 𝑢𝑘 − 𝑓𝑘 
+ 𝑐𝑊 𝑢𝑘 − 𝑓𝑘 )  

(18) 

where the diffusivity functions are computed as: 

𝑔𝑝 = 𝑔  ∇𝑝𝑢𝑘 𝑖, 𝑗   =
1

 1 +
 ∇𝑢𝑘  

2

𝑐2

 
(19) 

𝑐𝑝 = 𝐶𝑟  ∇𝑝𝑓𝑘 𝑖, 𝑗   =
1

1 +
 ∇𝑓𝑘  

2

𝑐2

 (20) 

where 𝑝 =  (𝑁, 𝑆, 𝐸,𝑊 ).  

It is generally observed that explicit numerical 

schemes are usually conditionally stable; therefore, 

extra care is required to keep the central coefficient 

positive for the stencil of the derived numerical 

scheme. In this case, bounding diffusion time controls 

the stability requirement. We consider the time step as 

0 ≤  ∆𝑡 ≤  0.25 that fulfills the Friedrichs Lewy 

(CFL) stability condition [44].  All experiments of the 

derived numerical scheme used Matlab R2018a for 

Windows 10 on a PC with Intel(R) Core(TM) i7-

5500U CPU @ 2.40GHz 2.40 GHz Intel (R) Core(TM) 

2 Duo CPU and 8.00 GB of RAM. The computational 

algorithm is demonstrated as a flow chart in Fig. 1. 



79 

 

 

 
Fig. 2 Proposed algorithm (Developed by the authors) 

   

4.1. Image Quality Assessment Indicators 

To demonstrate the performance of the proposed 

method, some image quality assessment indicators 

have been considered. It has been observed in the 

literature that the appropriate quality assessment 

parameters for quantitative and visual quality 

assessment are peak signal-to-noise ratio (PSNR) and 

structural similarity index measurements (SSIM) [30, 

45]. The higher the PSNR value, the better the image 

recovery. Mathematically, the signal-to-noise ratio is 

defined as 

𝑃𝑆𝑁𝑅 = 20 log10  
𝑀𝐴𝑋𝑢𝑘

 𝑀𝑆𝐸𝑘
  (21) 

𝑀𝑆𝐸𝑘 =
1

3
 𝑚𝑠𝑒𝑟 +𝑚𝑠𝑒𝑔 +𝑚𝑠𝑒𝑏  (22) 

𝑚𝑠𝑒𝑘 =    𝑔𝑘 𝑖, 𝑗 − 𝑢𝑘 𝑖, 𝑗  
2

𝑛

𝑗=1

𝑚

𝑖=1

 (23) 

The numbers 𝑚, 𝑛 denote the width and length of 

the image. 𝑀𝐴𝑋𝑢𝑘  denotes the largest value of the 

pixel in the image. The evaluation based on structural 

similarity index measurements (SSIM) is correlated to 

the human visual system (HVS). Furthermore, the 

bounds for SSIM values are given here as SSIM 

∈  [0, 1], the values of SSIM closer to 1, yield the 

better structure retention of the image. 

𝑆𝑆𝐼𝑀 =
 2𝜇𝑢𝑘 𝜇𝑓𝑘 + 𝑐1  2𝜎𝑢𝑘𝑓𝑘 + 𝑐2 

(𝜇𝑢𝑘
2 + 𝜇𝑓𝑘

2 + 𝑐1)(𝜎𝑢𝑘
2 + 𝜎𝑓𝑘

2 + 𝑐2)
 (24) 

where 𝑢𝑘  is the recovered image and 𝜇 denotes the 

mean, 𝜎 denotes the covariance, 𝑐1 and 𝑐2 denotes the 

constants. 

 

5. Numerical Experiments and 

Simulation 
In this section, we apply the proposed 

computational algorithm and numerical scheme to 

noisy matrix-valued (color) images. To demonstrate the 

performance of the proposed method, we conducted 

three types of experiments on color images: Baboon, 

Barbara, and House as benchmark datasets (images). 

The datasets are from the USC-SIPI Image Database 

(http://sipi.usc.edu/database/) (see Fig. 3). For different 

experiments and a fair comparison with classical 

methods, Gaussian noise with various values of 

standard deviation σ has been added to the original 

images, whereas the selection of other regularization 

parameters is discussed as follows. 

      
5.1. Selection of Appropriate Parameters 

Considering the inverse nature of the denoising 

problems, the regularization parameters play an 

important role, specifically in variational models. The 

variational models are composed of regularization and 

data parts, but the level of contribution from both parts 

remains a question: which part contributes to the role 

of main smoothness? Therefore, these scaling 

parameters usually function as controlling agents in 

estimating the smooth solution to the ill-posed 

problem. Such tuning parameters improve the quality 

of image diffusion during the denoising process. There 

are two ways for the appropriate selection of the 

regularization, either manually [19, 22, 46] or in a 

locally adaptive way [26, 47, 48]. Regularization in a 

locally adaptive way is also interesting and improves 

the smoothness at each adaptive step of the 

regularization of the solution [26, 47, and 48]. In this 

study, we establish a computational strategy using 

manual adaptation with an appropriate choice of tuning 

parameters by keeping uniform over the entire domain. 

Such a choice will allow us to develop local and 

automatic adaptive procedures for matrix-valued 

imaging methods. 

 
Fig. 3 Original images (http://sipi.usc.edu/database/) 

 

We start our experiments with Barbara, image of 

size 512 × 512, Fig. 3a, by adding Gaussian noise with 

mean μ = 0. Furthermore, we conducted experiments 

on the images at different noise levels of the standard 

deviation 𝜎 =  30 and 𝜎 =  50, as shown in Figs. 4a 

and 4b. In the derived discrete scheme 

Fig. 4 Noisy image Barbara (Developed by the authors) 

 

The parameters like λ and c have been fixed as λ = 

0.05 and c = 15, and the experiments have been 

conducted for various choices of the regularization 
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parameter α. Furthermore, the simulation results show 

that the variations in the smoothing parameter α reveal 

significant regularization effects on the recovered 

images. From the overall performance of our 

algorithm, the proposed method works well and 

successfully removes noise along with sharper edge 

recovery. Figs. 5 and 6 and Table 1 present the 

numerical results and show that the choice of the 

parameter up to α = 10 yields good quality results, and 

the proposed method effectively removes noise and 

protects meaningful image features. Furthermore, with 

the increase in the value of scaling parameter α, the 

diffusion becomes fast; therefore, extra blurring effects 

appear in the image, and consequently, the quality 

reduces. 

 
Fig. 5 Image recovery of the Barbara image with different values of 

smoothing parameter 𝛼 and noise level 𝜎 = 30 (Developed by the 

authors) 

 

 
Fig. 6 Results for noise level 𝜎 =  50 (Developed by the authors) 

 

For the study of the quality variation in the solution 

images, the reader can see the results of quality 

assessment parameters such as SSIM and PSNR (Table 

1). 

 
Table 1 Computational time, PSNR, and SSIM of Barbara image 

(Developed by the authors) 

Method 𝜶 PSNR SSIM Time(s) Iteration(s) 

 𝝈 = 𝟑𝟎 

Proposed 6 26.7061 0.8366 3.3709 23 

 10 26.5836 0.8304 5.4367 14 

 20 26.0732 0.8136 3.9345 07 

 30 25.3137 0.7988 1.5518 05 

 50 23.8945 0.7668 0.6582 03 

 𝝈 = 𝟓𝟎 

Proposed 6 25.0279 0.7729 8.5548 46 

 10 24.8591 0.7586 5.7188 26 

 20 24.3144 0.7310 4.0521 13 

 30 23.6367 0.7078 1.8715 8 

 50 22.1381 0.6750 0.8378 5 

 

The second experiment considers the image house 

of size 512 × 512 (Fig. 3b) degraded by adding 

Gaussian noise of density 𝜎 =  30 and 𝜎 =  50, see 

Figs. 7a and 7b. We applied quantitative and visual 

quality measures to examine the performance of the 

proposed method. The qualitative and quantitative 

performance of the proposed method for this image is 

also good, as shown in Figs. 8a–8h; Table 2 presents 

the quality measures. 

 
Fig. 7 Noisy image house (Developed by the authors) 

 

In this house image, numerous tests are performed. 

Fig. 8 and Table 2 depict the obtained results.  

 
Fig. 8 Evaluation of proposed method on noisy house image, 

variance 𝜎 =  30 and 𝜎 =  50 at different values of 𝛼 (Developed 

by the authors) 

 

The results show that the proposed method performs 

well with respect to the increase in the noise level. In 

this experiment, we present a line plot for a clear 

understanding of the results, see Fig. 9. 

 
Table 2 Computational time, PSNR, and SSIM of the house image 

(Developed by the authors) 

Method 𝜶 PSNR SSIM Time(s) Iteration(s) 

 𝝈 = 𝟑𝟎 

Proposed 5 27.1767 0.8473 7.5119 27 

 10 27.0336 0.8374 3.2808 13 

 20 26.5078 0.8216 2.1657 09 

 30 25.7085 0.8056 1.8352 07 

 𝝈 = 𝟓𝟎 

Proposed 5 24.9911 0.7728 14.952 53 

 10 24.8014 0.7573 5.8112 24 

 20 24.3219 0.7301 3.6996 15 

 30 23.7034 0.7100 2.7455 11 

 

In the third series of experiments, the Baboon image 

of the size 512 × 512 is considered, see Fig. 3c. The 

random noise with zero mean and varying values of the 

standard deviation levels as 𝜎 =  15, 𝜎 =  30 and 

𝜎 =  50 is added (see the degraded images in Figs. 

10a, 10b, 10c).  

 
Fig. 9 Line graph of the house image (Developed by the authors) 
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The proposed method is employed for the distorted 

image (noisy), as shown in Fig. 10. The visual results 

demonstrate that our method works effectively for 

image recovery, which is a challenging task specifically 

for baboon-like complicated images with sharp edges. 

Table 3 and Figs. 11a-11o show the simulation results 

and computational time. 

 
Table 3 Computational time, PSNR, and SSIM of baboon image 

(Developed by the authors) 

Method 𝜶 PSNR SSIM Time(s) Iteration(s) 

 𝝈 = 𝟏𝟓 

Proposed 06 26.7686 0.9276 3.2491 16 

 10 26.7069 0.9268 3.9208 13 

 20 20.4356 0.9237 5.3900 22 

 30 20.3343 0.9208 2.8684 12 

 50 19.7580 0.9038 1.5278 6 

 𝝈 = 𝟑𝟎 

Proposed 06 23.0460 0.8228 3.6015 15 

 10 23.0390 0.8230 2.5404 09 

 20 22.9460 0.8203 1.2441 05 

 30 22.6939 0.8172 0.9779 04 

 50 21.8539 0.8042 0.7335 03 

 𝝈 = 𝟓𝟎 

Proposed 06 20.9871 0.6983 7.3350 31 

 10 21.0104 0.7008 4.3314 04 

 20 20.9115 0.6995 2.1904 09 

 30 20.7071 0.6947 1.4551 06 

 50 20.9849 0.6852 0.9715 04 

 

 
Fig. 10 Noisy image of baboon (Developed by the authors) 

 

 
Fig. 11 Denoised images using different methods with 

variance 𝜎 =  15 ,𝜎 =  30 and  𝜎 =  50 (Developed by the 

authors) 

 

5.2. Comparison of Results 

Finally, the performance of the proposed method is 

validated with a comparative study with well-existing 

methods such as the Prona–Malik (PM) method [19], 

total variation (TV) regularization [22], and non-local 

mean (NLM) [46]. Such methods usually adopt the 

manual method of the choice for tuning parameters. In 

these methods, these parameters were selected 

uniformly on the whole domain as k = 15, λ = 0.05, and 

ε = 0.0000001, respectively. The results of the NLM 

method were obtained using an online free available 

simulator available at https: 

//doi.org/10.5201/ipol.2011.bcmnlm. The results for 

other methods, such as TV and Perona-Malik models, 

have been computed for color images in the same 

settings as those given in the proposed algorithm. The 

proposed method takes less computational time, which 

is a good aspect compared to the existing robust 

methods [19, 22, and 46] with better visual quality 

results presented in Tables 4 and 5 and depicted in Figs. 

11d, 11i, and 11m. The PM model generates 

undesirable artifacts with less visual quality 11b, 11g, 

and 11l than the proposed method. The total variation 

regularization method yields better values for the noise 

levels of standard levels σ = 15 and σ = 30 but 

generates, resulting in more contrast degradation and 

takes more computational time as compared to the 

proposed method. For details, the reader can see Tables 

4 and 5 and Figs. 11c, 11h, and 11m. 

 
Table 4 Comparative study with classical methods (Developed by 

the authors) 

Images 𝝈 = 𝟑𝟎 

Methods PSNR SSIM Time(s) Iteration(s) 

Barbara PM 26.4523 0.8359 5.30611 31 

TV 26.6786 0.8361 51.2595 299 

NLM 19.3445 - - - 

Proposed 26.7061 0.8366 3.3709 23 

House PM 26.8021 0.8349 5.4419 30 

TV 26.8550 0.8370 55.7100 289 

NLM 19.4040 - - - 

Proposed 27.0336 0.8374 3.2808 13 

Baboon PM 22.7742 0.8211 3.8711 08 

TV 23.0233 0.8209 6.0410 22 

NLM 20.5041 - - - 

Proposed 23.0390 0.8230 2.5404 09 

 
Table 5 Comparative study with classical methods (Developed by 

the authors) 

Images 𝝈 = 𝟓𝟎 

Methods PSNR SSIM Time(s) Iteration(s) 

Barbara PM 24.4002 0.7551 10.5908 80 

TV 22.5126 0.6405 50.7645 327 

NLM 19.6565 - - - 

Proposed 24.8591 0.7586 5.7188 26 

House PM 24.1629 0.7557 13.6550 74 

TV 22.7098 0.6545 66.6322 327 

NLM 19.6464 - - - 

Proposed 24.8014 0.7583 5.8112 24 

Baboon PM 20.6666 0.6936 10.5906 61 

TV 20.6565 0.6999 58.4949 327 

NLM 19.6060 - - - 

Proposed 21.0104 0.7008 4.3314 4 

 

6. Conclusion 
In this study, the results from the matrix-valued 
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image noise removal nonlinear method with the data 

normalization approach are analyzed and presented. 

Experimental results reveal that our proposed method 

reduces computational time and generates promising 

image results compared with classical methods such as 

Perona–Malik and TV methods. Comparing the 

proposed method with the classical methods, the 

proposed method significantly reduces noise. The 

comparative analysis emphasizes the potential benefits 

of nonlinear isotropic diffusion techniques and the 

potential for regularizing data to maintain the balance 

between regularization and data terms for noise 

removal in distorted images. It has been observed from 

the observed results, such as SSIM, PSNR, and 

computational time, that the proposed modified model 

can simultaneously remove noise, preserve edges, and 

suppress staircases. From the overall performance of 

the proposed method, the modified model yields good 

results in quality analysis for color images and reveals 

the significant effects of regularization from 

complementary data regularization and the contribution 

of appropriate tuning parameters. It is observed from 

the computed results from this proposed method that a 

reasonable possibility of improvement in available 

classical methods is still available. Further 

improvements are possible for these methods to make 

them more useful in theoretical and practical settings. 

As in this work, the tuning parameters have been 

selected uniformly on the whole computation domain, 

but it is also possible to select locally in an adaptive 

way. Such a locally adaptive way for selecting 

smoothing parameters is also an attractive aspect to 

apply to the diffusion part of the energy, which is under 

consideration for our upcoming paper.. 
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