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Abstract: This paper considers fifth-order boundary value problems with two-point boundary conditions.
For the investigation, first, the Adomian decomposition method (ADM) was applied to the equation and then the
homotopy perturbation method (HPM) was used to continue the solution. In addition, this combined method was
applied to solve two linear and nonlinear experiments. Then the numerical results obtained by other methods were
compared. Furthermore, the convergence of the methods was analyzed. In most of the articles, the HPM is used for
equations with initial conditions and the ADM is used for equations with initial and boundary conditions. In this
study, a combination of two methods (the ADM and HPM) was used to solve equations with boundary conditions.
The results of this combined method are remarkable.
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1. Introduction

A perturbation method is widely used in the analysis
of nonlinear engineering problems [11], [12]. The
major drawback of the perturbation method is its
dependence on a small parameter. To solve this
problem, other techniques such as the homotopy
analysis method [9], [10], the Adomian decomposition
method (ADM) [5], [8], [14] and the variation "’
iteration method [4] were studied by researchers. Tt
Adomian decomposition method was used for
problems with boundary and initial values [5], but the
homotopy perturbation method (HPM) is more
effective for problems with initial conditions and it is

less efficient for problems with boundary values. To
solve such problems, researchers usually use other
methods or indirect techniques [6], [7].
In this study, we consider fifth-order boundary
value problems of the tvoe:
1) = fleny oy oy o) M
with two-point boundary conditions
fo)=4, vi)=4, v(@)=4 0b)=B, y(b)=5
where f is a continuous function on [a, b] and the
parameters 4;, i =1,2,3 and B;, j=12 are real
constants.
These types of problems with boundary conditions
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exist in different formats in mathematics, physics and
engineering [1]-[3]. Many methods such as Galerkin,
collocation [2], [9], different types of decomposition
[14] and sixth order B-spline have been developed for
solving fifth-order boundary value problems of the type
(1) [1]. The quantic polynomial spline functions were
used to solve the equation with fifth-order boundary
values [3]. An analytical answer to problem (1) was
obtained by the Adomian analysis method [14]. A
series of answers to the fifth-order boundary value
problems were obtained by the iteration method [6].
The finite difference method for these types of
problems was examined in [15].

In the continuation of the study of problems with
boundary values, we intended to combine the Adomian
decomposition method, which is well compatible with
these problems, with the homotopy perturbation
method, and find a new relationship for a better
solution.

The rest of the manuscript is presented as follows.
Section 2 analyzes the ADM and HPM methods. The
convergence of the current study is given in Section 3.
Section 4 examines the methods with numerical
experiments. Finally, a brief conclusion is depicted in
Section 5.

2. Method Analysis (ADM-HPM)

To illustrate the idea for solving problems with

boundary values, we consider the following
combination of linear and nonlinear differential
equations:

Lu+Ru+Nu=g x€eQ 2
with the initial and boundary conditions

B(uZ)=0, xeT 3)

where L is the linear operator with highest degree n, R
is the linear operator with less than L degree, N is the
nonlinear operator, and g is a known function. T is the
boundary of the region Q of problem (2). Assume that
L is a derivative of order n, where L = %, and by
applying L™ to equation (2) we have:

L 'Lu=L"Y(g(x)) — L™ *Ru — L™*Nu, (4)
from the expansion of relation (4) we have:

n-1 n-2
Ao n— 2( 2)'+ +a01x+

ago+ L7 *(g(x)) —L'Ru— L Nu (5)
From equation (5) we have:

U= Gon-17,"7); +

+ago + L_l(g(x)), (6)
Now, from the application of boundary conditions
(3) to relation (6), we obtain the unknown values of

Ap0, Qg1 -+ » Aon—2, Aon—1 and replace them in u,.
Assuming
— V't i
v =YiZop U (7)

For the polynomial relation, we used [13] for its
nonlinear part as:

N(Zp u) = ZA (1, 1)

which polynomlals Ay Were defined by

,AnN(ZAuk)“,

n=2012,-:

To continue solving the problem, we use the HPM
for equation (5), and obtain:

H,p) =v —ugy + p[L"*Rv + L™INv]. (8)

Substituting (7) into (8) and rewriting Eq. (8), we
have:

Zop'ui = uo — pILT'R(ZE plw) +

L‘l(Z?’:oAi(uo.ulw- U L)p ) 1 9)

By equating the coefficients p to zero in relation (9),
we have:
P wo = ug

An(uOIulv U n =

xn—l xn—z
Pl u =aing ICI=E)] T a2 m—2)! +oe
+ay1x+ a0+ L7 Ruy
+ L1 Aq(ug)
Assuming
Wy = Uy + Uy, (10)

By applying the boundary conditions (3) to relation
(10), we calculate the unknown values a; g, a1, ...,
a1 n-2, A14-1 and replace inu;.

Hence, we have the following:
xn—l xn—z

2

p* i Uy = az,n—1m +azn-2 m=2) +

+ay 1%+ azo+ L7 Ruy + LA (ug, uy).
Assuming w, = ug +uy +u, and applying the
boundary conditions on it, we obtain unknown values
and replace them in u,. In the continuation of this
process, by obtaining the values of us, uy,,--, the
answer to the problem is obtained as follows:

+oo
u=limv= z u;.
p-1
i=0

3. Convergence of the Current Study

To study the convergence of the method, we
considered the following theorems [16].

Theorem 1: (Sufficient Condition of Convergence)
Suppose that X and Y are Banach spacesand N: X - Y
is a contractive nonlinear mapping, that is

VwveX; [INw)-NWI <ylw-vl,
O0<y<l1

Then, according to Banach’s fixed point theorem, N
has a unique fixed point u, that is N(u) = u.

If the sequence produced by the AMD-HPM
method is as follows:

S
[u

Sp = N(Sp—1), Sp-q1 = u, n=1,2,3,..,

ling

1

And suppose s, =1uy € B.(u) that B,(u) =
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{fu* € X | |lu* — ul| <r}, then we have:

a) s, € Br(w),

b) lim, . s, = u.

Proof: Part (a) is easily proved by induction. For
part (b) we have:

llsp —ull = IN(sp) = NIl < yllsp-1 —ull < -
< y"™llso — ull,

because lim,,_,,, y™ = 0 then lim,,_,, s, = u.

Theorem 2: Let X be a Banach space, Y/, u;
obtained by (9), convergence to u € X, if

30 <y <1),|VneN = [Jupll < yllup-4ll.

where u is the exact solution.

Proof: We have

Isn+1 = snll = llupsall S vilupll < - < y™luell.
Therefore,
limn,m—mollsn - Sm” = 0.

Then, ||s, I, is the Cauchy sequence in the Banach
spaceand 3u € X s.t lim,,_., s, = u.

4. Numerical Experiments
In this section, we consider two linear and nonlinear
experiments for the application of the above method
and compare the results at the end of each experiment.
Experiment 1 [14]: Consider the fifth-order linear
differential equation:
y®(x) =y —15e* — 10xe*, 0 <x <1, (11)
With the boundary conditions
y(0)=0, y'(0)=1, y'(0) =0,
the analytic solution is y = x(1 — x)e*.
By converting Equation (11) to the following form:
Ly =y —15e* — 10xe”*, (13)

5
where L = % and its inverse effects on relation (13),

we have:

4 3 2

x x x
y(x) = a4 24 t ao3 5 + ap2 > + ap1Xx + app
—L71y — L71(15e* + 10xe™), (14)
From equation (14), we have:
x* x3
Yo =045, T 203~ 025 301X+ 300
—L71(15e* + 10xe*) (15)

By applying the boundary conditions (12) to
relation (15) and obtaining the unknown values
ag o, Ao,1, Ao, A03, Ag4 » WE have:

yo = —1213721518x* — 1.335673548x3
—7.5x% — 24x — 35 — 5(2x — 7)e*

To continue solving the problem, we apply the
HPM to equation (14), i.e.,

H(v,p) =v -y, —p(L7'v), (16)
where v = Y% ply;. If we set the coefficient p in
equation (16) equal to zero, we have:
pO *Wo = Yo,

- x* X
P Y1 T 145, ta;3 3 ta; > +a;1X
+a;0 + L7ty

) 3 <2
p

Assuming that:
X4 X3 X2
Wi =Yotyr=as;taztata,x+
30— 35+ 120e* — 24x — 20xe* — 7.5x% —
1.3356735x3 — .12137215x* —.29166666x%° —
0.03333333x° — 0.00297619x” — 0.00019876x8 —
0.00000802x° (17)
By applying boundary conditions (12) to relation
(17) and obtaining the unknown values a;g,
a1, a1, a13, a14 and replacing them in y;, we have:
y; = —85 + 85e* — 75x — 10xe* — 32.5x2
—9.1643265x3 — 1.8786275x*
—.29166666x> — 0.03333333x°®
—0.00297619x” — 0.00019876x°

—0.00000802x°,
In the following, we have:
x* x3 x2
p*: y, = 32,4ﬁ +az3 3 tazy > taz1X+azg
+ L1y,

Assuming that:
Wy, =Yoo+ Y1ty
x* x3 X

=Yoot i tazag; Tz taz, o tagx+
azo+ L7y, (18)

By obtaining the unknowns of relation (18), the
solution y, is obtained.

In the continuation of this process, after a few steps,
the solution to problem (11) is obtained as follows:
Y=Yotyity:+-

= 440e* — 40xe* — 440 — 399x

— 180x? — 53.833331x3
—12.000001x* — 2.12500x°
—.31111111x% — 0.03869047x’
—0.00416666x® — 0.00039406x°
—0.00003306x° — 0.00000241x!1
—0.0000001x'2 — 0.00000001x*3
+ 0(x™).

In Table 1, the solutions of Experiment 1 with the
proposed method (ADM-HPM) are compared to those
obtained by the B-spline method [1].

Table 1 Experiment 1 error estimates

Xi y(exact) Errors (ADM-  Errors (B-spline)
HPM)

0.0 0.0000000000 0.000000 0.000
0.1 0.0994653826 5.109000e-8 8.0e-3
0.2 0.1954244413 7.530000e-8 1.2e-3
0.3 0.2834703497 2.003000e-7 5.0e-3
0.4 0.3580379275 2.224000e-7 3.0e-3
0.5 0.4121803178 2.481000e-7 8.0e-3
0.6 0.4373085120 8.560000e-8 6.0e-3
0.7 0.4228880685 1.607000e-7 0.000
0.8 0.3560865485 2.058000e-7 9.0e-3
0.9 0.2213642800 6.016000e-7 9.0e-3

1.0 0.0000000000 6.982649¢-8 0.000

Suppose that
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n—-1
wp, = N(wy_1), Wp_1 = Z yi, n=1273,..,
i=0
Wo = Yo,
WTL

4 X3 x2

n X
Z al4 +al3 3 +a;,—= > +a;1x+a;p

fffff(yl ) dxdxdxdxdx], n=12,-

According to Theorem 1 for the nonlinear mapping
N, considering ||g(x)|l = maxg<x<1 |g(x)]|, we have:
llwo — yll =
|[—.1213721518x* — 1.335673548x3 — 7.5x% —
24x— 35— 521 Jex—x(1-x)ex,
and [y =yl < llwo — ¥l

|W1 y||<09—y<1 thus,

Wo—y
lwy =yl < ¥llwo = Il
and . [lw, = yll < llwy =yl |22
|W2 y” < 0.5 <y, thus,
wi1—y

Iw, = yIl < yZllwo — I,

:zj” Vxe(1) |,

Wy~ y|| , Vxe(01) ,

lwy, = yll < ¥"llwo =yl

Therefore,

limn—mo“Wn - }’|| =< limn—>oo yn”WO - }’|| = 0.

Experiment 2 [14]: Consider the following
nonlinear fifth-order boundary value problem

yO ) =e*y?2, 0<x<1 (19)
with the boundary conditions

y@O=1,y0)=1 y @ =1 y(1)=
e, y(1) =e, (20)

The analytic solution is y = e*.

Using the ADM on relation (19):

Ly = e ™Xy?, (21)

5
where L = % and its inverse effects on relation (21)
we have:
X4 X3 X2
Y(X) =a045, a3t a2 T301X+ 30+

“leTy? (22)
From relation (22) we have:
x* x3 x?

Yo =a0a3; t a0z T2~ Tag1Xx+age (23)

By applying the boundary conditions (20) to
relation (23) and obtaining the unknown values
ag 0, 0,1, Ao, A03, g4 » WE have:

yo =1+ x + 0.5x% + 0.1548454841x3
+ 0.0634363439x*.

For the nonlinear part of equation (19), we use He
polynomials to linearize the problem, we have:
Ao(¥o) = ¥4,
A1 (Yo, ¥1) = 2Y0¥1,
A, (Y0, Y1, ¥2) = ¥i + 2Y0Y2

To apply the HPM, we write the nonlinear part of
the problem as follows:

y? =Ny =Xop' Ao, v, -, ¥i) = ¥§ +
2pyoys +p? (v + 2y0y2) + -+ (24)
To continue solving the problem, we use the HPM
on relation (22) and using relation (24) and v =
+o0 .0
i=oP Vi
Hw,p) = v —y, — pL™ (e *Ny). (25)
If we set the coefficient p in Eq. (25) equal to zero,
we have:
p® : wo =y,

3 2
1 X X

X
: =ay4—+a3—+a;,—+a;{X+a
V1 1457 137 125 1,1 1,0

+ L7 (e™*Y5),
Assuming that:

p

x* x3 x?

Wi =Yoty1r=ay4 ;a3 ta+tax+
ay0+ 1+ x +.5x% +.1548454841x3 +
0.0634363439x* + e ¥(—0.0040241697x8 —
.1806124519x7 — 4.155314237x° —
62.60512573x° — 664.7035600x* —
5029.202944x3 — 26214.27018x? —
85350.13030x — 131966.6125), (26)

By applying boundary conditions (20) of relation
(26) and obtaining the unknown values a,g,
a1, a1, a13, a14 and replacing them in y;, we have:

y, = 131966.61 — 46616.482x + 6847.4461x?

— 504.42573x3 + 16.201119x*
+ e7*(—0.0040241x8
—.18061245x” — 4.1553142x°
— 62.605125%> — 664.70356x*
—5029.2029x3 — 26214.270x?
—85350.130x — 131966.61),

In the continuation of this process, after a few steps,
the answer to problem (19) is obtained as follows:
Y=Y ty1t+

= 131967.61 — 46615.482x

+ 6847.9461x% — 504.27089x3

+ 16.264556x*

+ e7*(—0.004024x8 — .18061245x’
— 4.1553142x°® — 62.605125x°

— 664.70356x* — 5029.2029x3
—26214.270x% — 85350.130x
—131966.61) + -+

In Table 2, the solutions of Experiment 2 obtained
by the proposed method (ADM-HPM) are compared
with those obtained by the B-spline method [1].

Table 2 Experiment 2 error estimates

Xi y(exact) Errors (ADM- Errors (B-spline)
HPM)
0.0  1.0000000000 0.000000e+00 0.0000
0.1 1.1051709180 2.908200e-05 7.0e-4
0.2 1.2214027580 2.758000e-06 7.2e-4
0.3 1.3498588080 4.119200e-05 4.1e-4
0.4  1.4918246980 7.530200e-05 4.6e-4
05 1.6487212710 2.127100e-05 4.7e-4
0.6  1.8221188000 1.880000e-05 4.8e-4
0.7  2.0137527070 5.270700e-05 3.9e-4
0.8 2.2255409280 4.092800e-05 3.1e-4
09 2.4596031110 3.111000e-06 1.6e-4
1.0 2.7182818280 1.817200e-05 0000.0
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According to Theorem 2 for the nonlinear mapping
N, considering ||g(x)|| = maXg<x<1 |g(x)|, we have:

Y1
—“ <08=y<1=|yll =vlyoll

Yo
Y2
=(1<0.02 <y = ly2ll < vZ%llyoll,
Y1
Vn n
<y = lyall £ v"llyn-1ll-
n-—1

Therefore,
}ligrgollynll < }lggoynllyoll = 0.

5. Conclusions
Differential problems with boundary values are

widely used in basic sciences and engineering.
Decomposition  methods, such as  Adomian
decomposition,  variational iteration, successive
approximations, and iteration methods, such as

Galerkin, collocation and sixth order B-spline, are used
to solve problems with boundary values. Each of these
methods has its strengths and weaknesses.

The HPM is more effective for problems with initial
conditions. But the ADM is also used for boundary
values. Therefore, we solved the problems with
boundary values by combining the HPM and ADM. In
this study, the problems with fifth-order boundary
values were investigated.

The good results in solving the above experiments
show that this idea can be used to solve problems with
boundary values in general.

A weakness of these methods is their relationship
with the Fourier series, which is more accurate and
stable for points close to zero. It is necessary to have
computers with high processing power to solve the
algorithms of these methods and equations.
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